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Abstract
Tropical and subtropical milk production herds in Mexico generally generate different types of milk-yield records as milk 
yield per month and mean production per month. Lactation curves generated by these types of records may contribute to 
understand milk production in the tropical regions of Mexico. The aim of this study was to compare five lactation-curve 
models fitted to two types of milk-yield records of Holstein, Brown Swiss, and F1 crossbred cows under subtropical condi-
tions. The two types of records (n = 3756) used were: (1) milk yield per month (TR) and 2) mean production per months 
(MR). Goodness-of-fit statistics, including Akaike’s information criterion (AIC) and root mean square error (RMSE), were 
applied to compare the models for each type of records. The Brody model provided the best goodness-of-fit when using 
monthly milk-yield records, while the Wilmink model provided the best goodness-of-fit for lactation milk-yield records. 
The RMSE and AIC values were similar between datasets. The final third of the lactation curve showed a little difference 
between model predictions in both datasets. The comparison of several models was useful to better describe the actual lac-
tation curves of the herd. The Wood model may be adequate to compare information as a reference with other models for 
decision making process at milk production.
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Introduction

Milk-yield data collection is important to determine farm 
profitability, where recording constancy and accuracy 
of data are crucial to correctly evaluate herd’s milk yield 
(Migose et al., 2020). Incomplete lactation datasets may lead 
to inadequate decision making in food efficiency evaluation, 
individual or collective milk-yield evaluation, and genetic 
selection of animals (Melzer et al., 2017). Lactation-curve 
models are widely used to predict and/or compare milk yield 
at different environmental conditions and lactation stages, 
for purposes like animal selection and nutritional efficiency 

evaluation. Model accuracy to describe data depends on 
records quantity and quality and has proved its usefulness 
to compare different components of milk, milk-yield dif-
ferences through seasons, and for different breed lactation 
performance (Soysal et al., 2015).

Several linear and non-linear mathematical models have 
been proposed to describe lactation curves. They can be 
applied to records of a cow or a group of cows for the whole 
lactation period (Wood, 1967; Pollott and Gootwine, 2000). 
The models can estimate milk yield through a series of alge-
braic functions that assume milk yield over time within a 
standard curve with minimal error. This allows to separate 
the continuous influence of the environment to obtain a yield 
resume in time that reflects changes in the environment 
related to the region, quality of food, and handling system 
(Macciotta et al., 2005).

In this context, it is important to consider that tropical and 
subtropical milk yield have differences regarding temper-
ate regions (Meseret et al., 2018). In the tropics, the use of 
adapted animals and(or) crossbreeds is necessary to with-
stand environmental adversities such as high temperature 
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and low quality and quantity of food. The cross of Bos taurus 
and Bos indicus generates animals capable of living in tropi-
cal conditions with a profitable production, but these animals 
do not show the same lactation-curve shape and have shorter 
lactation length (Němečková et al., 2015). Environmental 
and breed dissimilarities have an impact on maximum milk 
production; when such differences exist, the application 
of lactation-curve models determines regional and cross-
breed differences on the sub-tropical regions (Pereira et al., 
2016). Lactation curves are generally adjusted to 305 days 
worldwide, nonetheless, in tropical and subtropical milk 
production systems shorter lactations have been observed 
(Janković et al., 2016). In addition, in these systems, farmers 
do not necessarily register milk yield. At best, they register 
monthly milk yield of cows. Selection of the appropriate 
lactation-curve model may depend on the type of records, 
so it is recommended to run different models for different 
datasets (Glória et al., 2012). Unfortunately, most small-
scale operations in the tropical regions of Mexico misuse 
lactation-curve models or do not use them at all for milk-
yield evaluation or animal selection. The aim of this study 
was to compare five lactation-curve models and identify the 
best model for total yield per month (TR) and for the mean 
yield per month (MR) data sets in Holstein and Brown Swiss 
cows and their reciprocal crosses under subtropical condi-
tions of Mexico.

Material and methods

Location

This study was carried out at “Las Margaritas” experimen-
tal site of the National Institute for Forestry, Agricultural 
and Livestock Research, located in Hueytamalco, Puebla, 
Mexico, at 450 m above sea level. The climate is classi-
fied as subtropical humid. Average annual temperature is 
20.8 °C, the minimum temperature is 15.3 °C in winter, and 
the maximum temperature is 24.2 °C in summer. The region 
is characterized by abundant rainfall from July to October 
and a low temperature period with drizzle from November to 
the end of February. From March to June, high temperatures 
combined with low humidity and solar radiation generate 
stressful conditions.

Data

Information on 320 lactations of Holstein (n = 110), Brown 
Swiss (n = 132), F1 Holstein × Brown Swiss (n = 36), and F1 
Brown Swiss × Holstein (n = 42) cows were available. Cows 
were produced through artificial insemination or natural 
mating from 106 sires and 153 dams. Lactations occurred 
from 1998 to 2014, with 3657 monthly records available for 
two datasets: total records TR, with the monthly milk-yield 
total; and mean records MR, with the mean milk yield for 
each month, distributed in three to six or more complete 
lactations. Descriptive statistics for milk yield in general is 
presented in Table 1.

Cows were maintained in a rotational grazing system on 
African Star grass (Cynodon plectostachyus). Grazing and 
non-grazing periods for each pasture (1–2 ha. each) lasted 
2–3 and 35–40 days, respectively, depending on the season 
of the year. Each cow received 20–30 kg of fresh, chopped 
Japanese cane (Saccharum sinense) per day, during the cold 
season. Also, each lactating cow received 1.75 kg of a com-
mercial supplement (16% crude protein) per milking (twice 
a day), and non-lactating cows received 2 kg of the same 
supplement.

Lactation‑curve models

To describe lactation curves, five models were applied to 
both datasets, to fit the lactation curve of monthly totals and 
monthly mean records. These models contemplate the milk 
yield at a determined time, via the interaction between the 
initial yield, the yield difference between the start and the 
lactation peak, and the rate of decrease to the end of lacta-
tion that determines milk persistency. The five non-linear 
models were:

1. Wood’s equation

2. Wilmink function

3. Brody’s equation

Y
t
= at

b
e
−ct

Y
t
= a + be

−kt
+ ct

Table 1  Milk yield 
kg ± standard deviation kg for 
milk-yield records adjusted to 
305 days for Holstein, Brown 
Swiss, and F1 reciprocal crosses 
in subtropical conditions

Parity Ho × BS BS × Ho Holstein Brown Swiss

3 3285.98 ± 666.78 3466.75 ± 926.35 3261.18 ± 638.58 2793.45 ± 604.62
4 4477.41 ± 1111.64 4171.75 ± 1003.30 3599.77 ± 645.01 2891.86 ± 811.22
5 4509.62 ± 976.55 3936.08 ± 801.09 3630.01 ± 800.88 3062.63 ± 787.70
6 or more 3042.43 ± 985.38 3277.21 ± 920.14 2787.70 ± 675.29 3005.78 ± 634.40
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4. Cobby’s equation

5. Sikka model

where Yt = is the predicted yield in the time t; a, b, and c 
are the parameters estimated for each model; k was fixed to 
0.05 in this study.

Each model was fitted with the NLIN procedure of SAS 
(2013). The goodness-of-fit of each model was evaluated 
with the root mean square error (RMSE) and the Akaike’s 
information criterion (AIC), so the best model was the one 
with the lowest values in both tests. The formulas of these 
tests were:

1. RMSE = root (RSS / (n − p − 1′)
2. AIC =  − n × ln RSS + 2p

where, RSS is the residual sum of squares obtained in 
each model, ln is the base of the natural logarithm, p is the 
number of parameters included in the model, and n is the 
number milk-yield records (Akaike, 1998).

Results

Mean yield per month records

Curve parameter estimates that define the scale and shape 
of the lactation curve and goodness-of-fit measures of the 
models fitted to the MR dataset are shown in Table 2. The 
Brody model (Brody et al., 1924) presented the best good-
ness-of-fit for the MR dataset, with lowest AIC and RMSE 

Y
t
= ae

−bt
− ae

−ct

Y
t
= a − bt − ae

−ct

Y
t
= aexp

(

bt − ct
−2
)

values (10,604.52 and 4.11, respectively). The Cobby model 
(Cobby and Le Du's, 1978) was the next best fit model, with 
values of 10,621.80 and 4.11 for AIC and RMSE, respec-
tively. In contrast, the Sikka model (Sikka, 1950) was the 
worst, considering the AIC and RMSE values. All estimates 
for the models were significant.

In general, the goodness-of-fit statistics for the 
Wilmink (Wilmink, 1987) and Cobby models were simi-
lar. The Wood model was close to the Brody, Cobby, and 
Wilmink models according to the minimum AIC and RMSE 
value, making these four models viable to describe the lacta-
tion of crossbreed cows under subtropical conditions.

Monthly mean model goodness-of-fit values and the 
residual sum of the squares indicate that the tested models 
may adjust generally well to the transformed mean data from 
the milk-yield monthly totals.

Results concerning the predictions of the models and 
the shape of the lactation curve are similar in each test for 
MR dataset and could be caused by the central trend of the 
records mean for each model, as shown in Fig. 1. It is notice-
able that all the models seem to predict similar values in the 
latest third of lactation that seem to be the same at the end. 
The Sikka model failed to predict the first third of lactation.

The MR prediction curve shape represents similarities 
within models, with the particularity that the Sikka’s model 
does not seem to reach a peak but a declining curve instead. 
All models seem to underestimate the actual mean milk-
yield value at the peak of lactation. The Brody’s model pre-
diction was the closest to the actual peak value.

Total yield per month records

The parameter estimates calculated for monthly total 
milk-yield dataset are presented in Table 3. In general, 
TR values adjusted better to the Wilmink model, which as 
mentioned, has a constant k value that was set to 0.05 in 
this study and is related to the time for reaching the peak. 
The Wilmink model was the best fitted with an AIC value 

Table 2  Curve parameter 
estimates and goodness-of-fit 
of five lactation-curve models 
adjusted to mean yield per 
month records of Holstein, 
Brown Swiss, and F1 reciprocal 
crosses in subtropical conditions

RSS residual sum of squares, RSD residual standard deviation, RMSE root mean square error, AIC Akaike’s 
information criterion
 ± Estimate standard error

Estimate Wilmink Cobby Wood Brody Sikka

a 16.70 ± 0.20 16.568 ± 0.218 4.971 ± 0.52 18.903 ± 0.410 13.690 ± 0.282
b  − 14.30 ± 1.38 0.0311 ± 0.0009 0.3242 ± 0.027 0.0031 ± 0.0001 0.0003 ± 0.001
c  − 0.0316 ± 0.0009 0.0571 ± 0.0033 0.005 ± 0.0003 0.046 ± 0.003 8.15E − 06 ± 0.00001
Goodness-of-fit
RSS 56,485.20 56,431.80 56,597.20 56,172.80 57,586.20
RSD 3.88 3.87 3.88 3.87 3.92
AIC 10,624.26 10,621.80 10,632.78 10,604.52 10,697.86
RMSE 4.14 4.11 4.18 4.11 4.16
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of 34,972.07 and an RMSE value of 105.16. The Wilmink 
model was the second-best model and the Sikka model was 
the worst fitted in this dataset. Nonetheless, the models’ 
goodness-of-fit values were very similar.

In the TR dataset, estimates for the Wilmink model 
were a = 538.8; b =  − 1112; c =  − 1.164. The curve fits 
generally better than the other models according to the 
goodness-of-fit test. In this model, as in some of the other 
models, the estimate of b is related to the slope and the dif-
ference between the initial and peak stages. The estimate 
of the parameter a for the Wilmink and Cobby models 
were similar as seen in the MR dataset. In general, the 
difference in magnitude of the estimate of a was similar 
between datasets.

For this dataset, the Wilmink model had the higher pro-
duction at the peak and the lowest at the start of the lactation. 

All the models underestimate the actual peak yield value, but 
Wilmink model predictions were the closest ones.

Discussion

Mean yield per month

The results of the Brody’s model with the lowest AIC and 
RMSE values for milk yield highly contrast with the find-
ings reported for Iranian Holstein cows, where the Brody 
model presented the highest AIC values in comparison 
with the model(s). Such study was carried out with high 
milk-yield twinning cows (Hossein-Zadeh, 2019), and the 
difference may be due to production system and breed 
differences.

Fig. 1  Lactation-curve model 
comparison for mean yield 
per month records of Holstein 
and Brown Swiss and recipro-
cal crosses under subtropical 
conditions
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Table 3  Curve parameter 
estimates and goodness-of-fit 
of five lactation-curve models 
adjusted to total yield per month 
records of Holstein, Brown 
Swiss, and F1 reciprocal crosses 
in subtropical conditions

RSS residual sum of squares, RSD residual standard deviation. RMSE root mean square error, AIC Akaike 
information criteria
 ± Estimate standard error

Parameter Wilmink Wood Cobby Brody Sikka

a 538.8 ± 5.22 24.78 ± 2.68 557.3 ± 8.55 818.3 ± 42.716 293 ± 6.43
b  − 1112 ± 35.35 0.79 ± 0.02 1.228 ± 0.035 0.00483 ± 0.001 0.004 ± 0.0003
c  − 1.1645 ± 0.024 0.008 ± 0.0001 0.029 ± 0.001 0.0221 ± 0.001 0.0001 ± 0.00001
Goodness-of-fit
RSS 36,980,735 38,566,840 38,206,258 38,131,126 41,758,747
RSD 99.26 101.37 100.89 100.79 105.48
AIC 34,972.07 35,133.42 35,098.14 35,090.74 35,432.14
RMSE 105.16 107.39 106.88 106.78 111.74
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For the MR dataset, the Brody, Wilmink, and Cobby 
models showed similar values for the a estimate that stands 
for a scale value of the initial milk yield. The Brody and 
Cobby models derive from the Gaines model, which may 
explain this similarity. For the same estimate, the Wood 
model proposes a lower a value, though, it is known that 
the Wood model underestimates initial milk yield. In the 
same way, the model proposed by Brody overestimates this 
very same parameter (Gradiz et al., 2009).

The Sikka model had similar estimates as other cross-
breed with Jersey cows, but in the same study, the Wilmink 
model was the worst fitted (Mohanty et al., 2017). The 
estimates obtained for the Brody and Wood models with 
monthly mean records were similar with other reports with 
Holstein crossbreed cows. Such similarities may result from 
the fact that the same breed is used as a base from the cross-
breed in tropical and subtropical conditions (Glória et al., 
2012).

This type of record is common in production units around 
Mexico’s tropical regions, where sometimes only the weekly 
means or the monthly means are recorded or analyzed; in 
this scenario, applying a robust model like the Brody model 
may be useful to explain the lactation of the overall mean 
of production.

Total yield per month

Total milk production records in monthly intervals are useful 
to visualize production in one number, a common problem 
occurs when the month in general instead of the number of 
days is considered to calculate the total production on the 

first month of lactation, in some cases when the cow calves 
in the second part of the month, this shorter period is still 
considered to be the first month total value, which normally 
is a smaller production total. The previous generate some 
biased information that is calculated in the process of itera-
tions in the statistical software for the first month.

In the TR data, it is evident that the Wood model under-
estimates the parameter a, which may result from the Wood 
proposal of a “day zero” yield, that in this case was 24.7 kg 
for the monthly total which is underestimating the actual 
value. This a estimate value is not logical in the biology 
of the lactation; however, the Wood model is considered a 
well-fitted model in the next stages of lactation, as can be 
observed through the shapes of the curves in Fig. 2. The 
results in TR agree with those of previous studies that indi-
cated that the Wilmink model is the best to fit the the first 
lactation cows with low production when AIC is used as a 
goodness-of-fit test (Hossein-Zadeh, 2019).

Both datasets

The Wilmink, Wood, and Brody models are widely used 
in similar studies, but often the milk yield is adjusted to 
305 days; nonetheless, in tropical regions, the lactation 
length is highly volatile, with reports of 260 days of produc-
tion; the shape of the lactation curve in these environments 
is particular and may not fit well with the models employed 
for highly productive animals.

As both lactation-curve estimates for MR and TR (Figs. 1 
and 2) were significant in all models with similarities in their 
shapes in each data set, it is hard to determine which model 

Fig. 2  Lactation-curve model 
comparison for total yield per 
month of Holstein and Brown 
Swiss and reciprocal crosses 
under subtropical conditions
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is the best to use, even when their estimates may differ in 
each model. For both data sets, the Wilmink model was effi-
cient in predicting milk yield, with the particularity that it 
had negative values on the estimates of b or c, as reported 
in other studies. This is caused by the estimation of param-
eters for this model that differ to the other models employed 
(Soysal et al., 2015).

In both datasets, the RMSE and AIC value proportions 
were alike, which indicates that the models can predict milk 
yield for both input data types, showing an adequate distri-
bution of milk yield over time for this herd. In this case, the 
Sikka model was the worst fitted for both types of records 
but could be useful as a low point to compare with other 
models in the future.

Tested models seem to be able to predict milk-yield val-
ues with both types of datasets. As mentioned previously, 
missing, and inconsistent records downgrade the accuracy 
for building the lactation curve no matter the type of records 
(Hossein-Zadeh, 2014), but the tested lactation-curve mod-
els seem to be efficient to predict and construct the missing 
data in the lactation.

To choose the best and more applicable model to produc-
tors in the tropics is also important to notice the one that 
represents the best use for the parameter estimates; as is the 
case of the Wood model, the estimates are empirical traits of 
the lactation; the b and c parameters are easy to understand 
as the slopes between the peak of lactation; and this makes it 
simple to compare the estimates between animals or groups 
and determine the shape of lactation just by the slopes. This 
may be relevant in the small production type of the tropical 
environments, where the quick comparison of lactation may 
determine the strategic selection of animals and food in the 
short term.

In this context, it is relevant to promote the use of the 
Wood model instead of the ones that fitted better, because it 
is easier to implement outside research purposes; it could be 
applied easier with the small and medium milk production in 
the tropics, where the interpretation of the curve is analyzed 
by productors that may not be of statistical research intent.

Conclusions

All the studied models represent the yield increase towards 
the lactation peak in similar proportions with both kinds of 
data, either total yield records or monthly means records. 
The Brody model adjusted well when transformed mean data 
from a total month was employed. The Wilmink model was 
better for the estimate of the actual month total values and 
the actual peak yield. All the examined models proved their 
pertinence for the description of the subtropical lactations 
with different dataset records. The raw monthly or weekly 
data production seems to be better to define the true shape 

of the lactation curve than obtaining the mean values. If the 
model where to be employed by productors with no research 
purposes, the Wood model may be useful for decision-mak-
ing schemes.
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