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§ Hachadi & Youssfi (2019)

e Considered radial measures in polyanalytic spaces over D and C.
e Computed RK of A2, (D, p1s,).
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Some properties:
o If there exists a RK then it is unique.
o Ku(y) = (Kz, Ky).
o Ku(y) = Ky(x).
e span({K,: z € X}) is dense in H.
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More properties

If (bj)jen is an othonormal basis for H,

Ky(z) = ij(y)bj(x)-
J

For x € X,
eval,: H — C, eval,(f) == f(x).
Then are equivalent:
e A RK exists in H.
e For all z € X, the functional evaluation is bounded.

Examples:

A2(D): KP(w) = (l_lzw)Q FC): KC(w) = "%
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Pushforward reproducing kernel

Let H; and Hs be RKHS’s.

H, < CX U unitary H, < CY
(K2)oex UF(2) = J() () S
X v Y

Then the RK for H> is

K2 (w) = T(z) J(w) K1 (6(w)).
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Pushforward reproducing kernel

Prop. The RK of H; and Hs is related as follows

K[ (w) = J(2) J(w) Ky (¥ (w)).

Proof. Let g € Hy and z € Y. There exists f € H; s.t. g=Uf.
Then

9(2) = (UN)(2) = T()f((2) = () (£, K ) = (9. TEUKL )

which means that K!2 = J(z)UKf(lz).
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One-dimensional case:

o _1({o .o
8@ 2 ij 8yj ’
For n-dimensional case, k = (k1,...,k,) € Ng,
_ oIkl
D" =

I
=
Usl\ipg-

©
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Polyanalytic functions

Let Q be an open set in C".
Def. A function f is said to be k-analytic if Ekf =0, ie.,

oM f(2)

Ok1zy ... Oknz,;

Def. Let m € N. A function f is said to be homogeneously polyanalytic of order m
(or simply m-analytic) if

Df=0, VkeN? with k| =m.

This class is defined by ("+:Z_1) equations.
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An(Q)={feCc™(Q): VkeNy (kl=m = Df=0)}.

An(Q) = { Z hie(2)Z%: Ry € A(Q)} .

Theorem.



An(Q)={feCc™(Q): VkeNy (kl=m = Df=0)}.

An(Q) = { Z hie(2)Z%: Ry € A(Q)} .
Theorem. B
A () = A ().
Example: A polyanalytic function of order 2: f(z) =1 — |2z|2. Then

fls, =0, while f#0.






Cor. If f € A, (B"), then

f)= > ()7 = > | D x| 75

|k|<m [kl<m \JjeNy

where the series converges uniformly on compact subsets of B".
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Invariance

Prop. Let M € C™*" invertible and f € A,,(§2). Define

Then g € A, (MQ).

Example: Let k = (2,1) € N§. The space Az 1)(C?) is not invariant under linear
change of variables:

f(z1,20) = 71°,
g(z1,22) = f(21 + 20,21 — 22) = (21 + 22)° = Z1° + 320232 + 321222 + Z2°.

[ € -'4(2,1)(@2) but g ¢ A(2,1)(C2)-
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Jacobi polynomials

By Rodrigues formula:

D™ e —p 4™
= Gy (L 2) (2

(1= @)1 4 zym ]

If o, 8 > —1, then (P&a’ﬁ))meNO is orthogonal in (—1,1) with respect to the weight

(1—2)%(1 + ).
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The key polynomial

Define

Prop. For every polynomial h of deg(h) < m — 1,

1 1 /
_ (@8) () (1 — )45
h0) = o a+1,5+1)/0 h(t) ROP)(¢) (1 — t)°t? dt.

(
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Integrals over B,

For an integrable function f on B,

Also, for the elements on the unit sphere,
275!

(-1t

/S A Tdps, (¢) =
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The reproducing property of R,,”;

Prop. Let f € A (By,) N L3(B,,dus). Then

0= [ SR V(e dpa (o)

Proof. Put z=r(, with 0 <r <1 and ( € S,. Then

= Z hk(z)zk: Z (Z ﬂijZj)Z

|k|<m kj<m \JeN{
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[e]e]e] o]

(a,n—1)

The reproducing property of R,,”;

Prop. Let f € A (By,) N L3(B,,dus). Then

0= [ SR V(e dpa (o)

Proof. Put z=r(, with 0 <r <1 and ( € S,. Then

= Z hi(2) 2% = Z (Z 5j,k2‘i) = Z Zﬁjykﬂj\ﬂm Cjzk.

|k|<m kj<m \JeN{ kj<m j

/an FERSTTV (|2 dpaz = > Brx - (coef) /R“” D)1 — )+l gy,

£<1 k|<m

Taking limits when £ — 1~ and Lebesgue’s Dom. Conv. Thm.
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Weighted poly-Bergman spaces
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Provide € with a measure dv = W durep-

A% (Q,1) = An(Q) N L2(Q,v).
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Weighted poly-Bergman spaces

Let © be an open set of C", W € C(€, (0, +00)), and m € Ny,
Provide € with a measure dv = W durep-

A% (Q,1) = An(Q) N L2(Q,v).

A2, (9,v) is a closed subspace of L?(f,v).

For any compact subset K of €2 there exists Cp, w,x > 0 s.t.

FOI < Conwlflizom — (F € AL Q)2 € K).

A2 (Q,v) is a RKHS

A7 (Q,dv) = AD (Q,dv) © A7, (Q,dv)

The true poly-Bergman space of order m.
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Poly-Bergman kernel
#0000000

Poly-Bergman space over B,

dptal2) = ca(l - |2)d
A (B, i) = A (Br) N L (B, pia)-
Main goal: Compute the RK of A2, (B,,, fia)-

We have proven the weighted mean value property:
0= [ F@)REY (ul?) dpa(w).

This means that
n ) -1
KB (w) = RO (|w]?).

m
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Moving the kernel

Let a € B,,.

Hl - Am(Bnaﬂa) Uf(z) - J<Z)f(<pa(z>) H2 - Am(Bnaﬂa)
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Moving the kernel

Let a € B,,.

Hl - Am(Bnaﬂa) Uf(z) - J<Z)f(<pa(z>) H2 - Am(Bnaﬂa)

® v, By — By, s.t. Soa(a) =0,

e U is a unitary operator.



Building the operator U

Consider

e The Mobius transform

_(za) T2 (. _ ()
oulz) a— 55 V1 —|al (z (o) a)
“ 1—{(z,a) ’

which interchanges any point z € B,, with a.



-Bergman kernel
[e]e]e]e]

Building the operator U

Consider

e The Mobius transform

_ {za) T2 (. _ (&)
oulz) a— 55 V1 —|al (z (o) a)
“ 1—{(z,a) '

which interchanges any point z € B,, with a.

e The Pessoa’s factor
1—{a, z))ml
1—{z,a) ’

Pm,a(z) = (

which preserves polyanalyticity:

f€An(By) = Pmya - (f 0 ©a) € An(By).



Building the operator U

e The isometry factor

- 1_ ’a‘Q O<+;L+l
oal2) = ((1 - <z,a>>2> ’

which preserves the norm:

FeLl’Bria) = lgaa (foPa)lrz@umm) = 1fL2@0 )
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The reproducing kernel over the unit ball

Theorem. The RK of the space A2, (B, 1) is given by
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The reproducing kernel over the unit ball

Theorem. The RK of the space A2, (B, 1) is given by

— (z,w))™ ! an—
K2 @) = e R )

Proof. Use the unitary operator

U)(w) = pmz(w)ga,z(w) f (0 (w))-
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The Siegel domain

H, = {€=(¢.6) € C"' x C: Im(&,) - ¢/] > 0},
dvg = = (Tm(&) = |¢'7) " dpug, (€)-
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The Siegel domain

H, = {€=(¢.6) € C"' x C: Im(&,) - ¢/] > 0},

dv = = (Im(€a) = 1¢'12)" dpas, (6):
Cayley transform ¢ : H,, — B,
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vie) = (‘1—15n’ T



The Siegel domain

Ho = {6 = (¢.6) €C" x C: Im(&,) — |¢/] > 0},

dv = = (Im(€a) = 1¢'12)" dpas, (6):
Cayley transform ¢ : H,, — B,

2% 1+ i§n>

vie) = (‘1—15n’1—i£n ‘

Pseudohyperbolyc metric:

PE, (2,0) = |p=(w)l,  pw, (§,1) = pa,, (V(E), P ().
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Hl = Am(Bna,UJoz) - H2 = «Agn(HnaVa)
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