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Part 3. Toeplitz operators on the ball.



The Bergman space on the ball Bn. Notation.

Bn = {z = (z1, ..., zn) ∈ Cn : |z |2 ≡ |z1|2 + ...+ |zn|2 < 1}. Given
a multi-index α = (α1, α2, ..., αn) ∈ Zn

+ we will use the standard
notation,

|α| = α1 + α2 + ...+ αn,

α! = α1!α2! · · · αn!,

zα = zα1
1 zα2

2 · · · zαn
n ,

zl = xl + iyl , l = 1, 2, ...,n.

dV = dx1dy1...dxndyn the standard Lebesgue measure in
Cn,dvλ(z) = cλ (1− |z |2)λ dV (z), λ > −1 , the normalized
weighted measure.
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Hn
λ ≡ L2(Bn, dvλ); the weighted Bergman space Aλ = Aλ(Bn).

The standard orthonormal basis of the Bergman space Aλ(Bn) is
formed by monomials

eα = eα,λ(z) := eα,λ,(n)(z) = ωλ,α,(n)z
α, with α ∈ Zn

+.

Note: The normalization factor depends on n and λ.
For a fixed j ∈ [1,n], we denote by z̃j the collection of
complementary variables, (zj ′), j

′ ̸= j .
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Aλ(Bn) consists of analytic functions f (z) = f (z1, . . . , zn) for
which the Fourier coefficients

fα = ⟨f , eα,λ⟩H(Bn)

satisfy
∑

α∈Zn
+
|fα|2 < ∞.



Main results

There are various types of ’radial’ behavior of symbols. With each
type, we associate the block structure in the Bergman space, so
that operators with this type of symbols are block diagonal with
respect to this structure.

On the other hand we associate with this type a system of
commuting self-adjoint operators V so that the the joint spectral
measure is block-diagonal with respect to the same structure.
Thus, the algebra generated by Toeplitz operators with this type of
homogeneity is isomorphic to an algebra of functions of this system
of operators.
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Type 1. Toeplitz operators with radial symbols
Radial symbols will act as a kind of building blocks for more
general spectral calculus. The extension of the case of the disk
D = B1. The system of operators consists of only one operator V .
Consider the dimension k ≤ n.

Aλ(Bk), k ≥ 1 with the basis
eα,(k)(z). The differential operator

V = z1
∂

∂z1
+ · · ·+ zk

∂

∂zk
=

1

ı

∂

∂θ1
+ · · ·+ 1

ı

∂

∂θk
,

in the trigonometric representation zj = |zj |eıθj .Self-adjoint in
Aλ(Bk), being defined on

D(V ) =

f =
∑
α∈Zk

+

fαeα,(k) ∈ Aλ(Bk) :
∑
α∈Zk

+

|α|2|fα|2 < ∞

 .

V is diagonal in the basis {eα} and it acts upon such element in
the basis as Veα = |α|eα. Therefore, each nonnegative integer
ℓ ∈ Z+ is an eigenvalue of V , and the multiplicity of ℓ equals
dℓ =

(
ℓ+k−1
k−1

)
.
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We denote by Lℓ the eigenspace of V corresponding to the
eigenvalue ℓ, so dimLℓ = dℓ.
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The spectral measure of V .

Denote Pℓ the orthogonal (in A(Bk)) projection onto Lℓ. It can
be expressed as

Pℓf =
∑
|α|=ℓ

⟨f , eα⟩eα,

where ⟨., .⟩ denotes the scalar product in the Hilbert space Hλ(Bk).
Pℓ is an integral operator (Pℓf )(z) =

∫
Bk f (ζ)Pℓ(z , ζ)dvλ(ζ) with

the (degenerate) integral kernel Pℓ(z , ζ) =
1
ℓ!Cλ,α,k⟨z , ζ̄⟩ℓ. The

spectral measure for V is given by

EV (∆) =
∑
ℓ∈∆

Pℓ, (0.1)

with the corresponding resolution of identity EV (η) =
∑

ℓ≤η Pℓ.

Thus, for any f ∈ A(Bk), the measure ρf (∆) = ⟨EV (∆)f , f ⟩ is
supported at integer points.



For an EV -measurable complex-valued function φ(η), η ∈ R1, the
operator φ(V ) is defined as

φ(V ) =
∑
ℓ∈Z+

φ(ℓ)Pℓ,

D(φ(V )) = {f =
∑

fαeα,(k) ∈ A(Bk) :
∑
ℓ

|φ(ℓ)|2
∑
|α|=ℓ

|fα|2 < ∞}.

On this domain, the operator φ(V ) is normal; if φ has real values
at all integer points, φ(V ) is self-adjoint; it is bounded iff φ is a
bounded function on Z+.

φ(V ) is compact iff φ(ℓ) → 0 as ℓ → ∞.
For different functions φ1, φ2 the operators φ1(V ), φ2(V )
commute J : φ 7→ φ(V ) is an isomorphism of the C ∗ algebra of
bdd sequences onto a commutative algebra of operators in Aλ(Bk).
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Radial Toeplitz operators

. φ = 111, 111(ℓ) = 1 for all ℓ ∈ Z+, gives 111(V ) = IdAλ(Bk ), the

identity operator in Aλ(Bk). If f ∈ Hλ(Bk) and f is orthogonal to
all functions in Aλ(Bk), we have 111(V )f = 0 since each Pℓf equals
zero. Therefore, 111(V ) is nothing else but the Bergman projection
P ≡ Pλ : Hλ(Bk) → Aλ(Bk).

Let a(r) = a(|z |) ∈ L∞(0, 1) radial symbol on the ball Bk . The
Toeplitz operator Ta : Taf = Paf in Aλ(Bk) Checking the action
of Ta on f = eα.
Namely, with the radial symbol a(r), we associate the function φa,
φa(ℓ) = γℓ,a, ℓ ∈ Z+,

γℓ,a =< aeα, eα >|α|=ℓ= Cℓ

∫ 1

0
a(r)r2ℓ+k−1(1− r2)λdr .
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Theorem For a radial symbol a, the Toeplitz operator Ta in
Aλ(Bk) is a function of the operator V ,

Ta = φa(V ).

The operator Ta is bounded iff the function φa is bounded on Z+;
Ta is compact iff φa(ℓ) → 0 as ℓ → ∞.
Similarly to the disk case, the relation a ⇔ φa extends to a wide
class of unbounded and distributional symbols a. All other ’disk’
results carry over.



Toeplitz operators with separately radial symbols

Another extreme class of symbols, radial with respect to each of
variables zj separately, with all other variables fixed. A measurable
function a(z), z ∈ Bn, is called separately radial if it depends only
on r1, . . . , rn, where rj = |zj |. A basic function eα = eα,n is not
separately radial, but the one-dimensional subspace spanned by eα
is invariant with respect to the action of rotations with respect to
each zj variable, and this property pertains after the multiplication
by a separately radial function a(z), as well as the orthogonality,

⟨eα, a(z)eα′⟩ = 0, α ̸= α′.

Therefore, for a separately radial symbol a, the Toeplitz operator
Ta : f 7→ Paf in Aλ(Bn) is diagonal in the basis eα,

Taeα = γaeα = γα,sepeα

where γa(α) ≡ γa,sep(α) =< aeα, eϵ >
(...an explicit expression...)



For a fixed multi-index s = (s1, . . . , sn) ∈ Zn
+, we define the

one-dimensional subspace Hs spanned by es. We also define, for a
given ℓ ∈ Z+ and a fixed j , the infinite-dimensional subspace

H
(j)
ℓ ⊂ Aλ(Bn) as

H
(j)
ℓ = Ȟ

(j)
ℓ ≡ span {eα : αj = ℓ}.

It is important to note here that the non-closed space Ȟ
(j)
ℓ consists

of all polynomials in z variables containing zj exactly in the power
ℓ, f (z) = zℓj h(z̃j), in other words, it consists of polynomials which

are proportional to zℓj for any fixed z̃j . After the closure in the
norm of Aλ(Bn), this structure is modified in the following way.
We calculate the norm in Aλ(Bn) of a function f (z) = zℓj h(z̃j).
the result:

The space H
(j)
ℓ consists of functions of the form f (z) = zℓj h(z̃j),

with h belonging to the Bergman space Aλ+ℓ+1(Bn−1). Moreover,
the norms of f in Aλ(Bn) and h in Aλ+ℓ+1(Bn−1) are equivalent.
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The orthogonal projections, Ps : H −→ Hs (a rank one projection)

and P
(j)
ℓ : H −→ H

(j)
ℓ , so that Ps =

∏n
j=1 P

(j)
sj . For each j , ℓ, the

monomials eα with αj = ℓ form an orthonormal basis in H
(j)
ℓ .

Therefore the projection P
(j)
ℓ can be written as

(P
(j)
ℓ )f (zj , z̃j) =

∑
αj=ℓ

⟨f , eα⟩eα(z).

The Bergman space Aλ(Bn) splits into the orthogonal sum in two
ways:

Aλ(Bn) =
⊕
s∈Zn

+

Hs and Aλ(Bn) =
⊕
ℓ∈Z+

H
(j)
ℓ .

In the first decomposition we split the Bergman space into the
direct sum of one-dimensional subspaces, in the second one the
subspaces consist of functions having a fixed homogeneity in the
variable zj (and analytic in all remaining variables.)



The rotation operators with respect to the variable zj ,

Vj = zj
∂

∂zj
=

1

ı

∂

∂θj
,

This operator is self-adjoint being considered on the natural
domain. The spectrum of Vj in Aλ(Bn) consists of all nonnegative
integer points ℓ ∈ Z+ with the corresponding spectral subspace

H
(j)
ℓ . So, each integer point ℓ ≥ 0 is an eigenvalue of Vj with

infinite multiplicity.
The spectral measures of the self-adjoint operators V : (Vj , j ≤ n)
commute, with Zn

+ being the joint spectrum. Therefore, the joint
spectral measure E is supported on the integer lattice Zn

+, while
the set Rn \ Zn

+ has zero E -measure. The general spectral theory
for systems of commuting operators, presented in Part 1 applies to
V = (V1, . . . ,Vn). Each multi-index s = (s1, . . . , sn), is a point of
joint spectrum of V. The spectral projection: Ps =

∏
Psj ; It has

rank one.
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The Functional Calculus:

Proposition Given an E -measurable function φ(ηηη) on Rn, the
operator

φ(V) ≡ φ(V1, . . . ,Vn) :=∫
Rn

φ(η1, . . . , ηn) dE (η1, . . . , ηn) =
∑
s∈Zn

+

φ(s)Ps

is well defined and normal on its domain

Dφ =

{
f ∈ Aλ(Bn) :

∫
Rn

|φ(η1, . . . , ηn)|2 d⟨E (η1, . . . , ηn)f , f ⟩ < ∞
}
.

Moreover the operator φ(V1, . . . ,Vn) is bounded, and thus defined
on the whole H, if and only if the function φ is E -essentially
bounded.



The set of all operators {φ(V)}, defined by (the classes of
equivalency) of E -measurable essentially bounded functions φ with
φ = {φ(s)}s∈Zn

+
∈ ℓ∞(Zn

+) constitutes the algebra R of bounded
mutually commuting operators in Aλ(Bn), and the mapping

JV : φ 7−→ φ(V) =
∑
s∈Zn

+

φ(s)Ps.

defines the isomorphism

JV : ℓ∞(Zn
+) −→ R

of commutative C ∗-algebras.



Toeplitz operators with separately radial symbols

a(z) = a(r1, . . . , rn) is a separately radial symbol. The Toeplitz
operator Ta, with symbol a = a(r1, r2, . . . , rn) is diagonal in the
basis eα

Ta =
∑
s∈Zn

+

γa(s)Ps,

where the scalars γa(s) are given by an explicit expression.
Therefore,

Ta = φa(V1,V2, . . . ,Vn),

where φa belongs to the equivalence class of essentially bounded
E -measurable functions, defined by the sequence
φa = {φa(s)}s∈Zn

+
, with φa(s) = γa(s).

Ta =
∑
s∈Zn

+

φa(s)Ps =
∑
s∈Zn

+

γa(s)Ps.

As before, a bounded ⇒ Ta is bounded, but not only for bounded
a.
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Operators with quasi - radial symbols

A combination of the previous two ones: radial in separate groups
of variables. For the set of such symbols, the classes considered in
two previous sections serve as extreme cases.
Let k = (k1, ..., km) be a tuple of positive integers whose sum is
equal to n: k1 + ...+ km = n; in other words, it is a partition of n
into positive integers. The length m of such a partition may, vary
from 1, for k = (n), to n, for k = (1, ..., 1).

k = (k1, ..., km), we arrange the coordinates of z ∈ Bn in m
groups, having, correspondingly, has kj , j = 1, ...,m, entries

z(1) = (z1,1, ..., z1,k1) ∈ Ck1 , z(2) = (z2,1, ..., z2,k2) ∈ Ck2 , ...,

z(m) = (zm,1, ..., zm,km) ∈ Ckm ,
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So, Bn is:

Bn ∋ z = (z1, z2, . . . , zn) = (z(1), z(2), . . . , z(m)),
∑

|z(j)|2 < 1.

With a group z(j) fixed, the complementing group of variables will
be denoted by

z̃(j) = (z(1), . . . , z(j−1), z(j−1), . . . , z(m)),

so, with an obvious permutations of variables z = (z(j), z̃(j)). In the
extreme case k = (1, 1, . . . , 1), the separately radial case, z̃j = z̃(j).
(Note the subtlety in notation: the subscript j (as in zj , z̃j , Vj ,
etc.) is used for denoting a single complex variable or some related
object, while the subscript (j) is used to denote the tuple of
variables and related objects, as in z(j) etc.)

A measurable function a = a(z), z ∈ Bn, will be called
k-quasi-radial if it depends only on r(1), ..., r(m), where

r2(j) = |z(j)| =
√
|zj ,1|2 + . . .+ |zj ,kj |2, j = 1, . . . ,m.



So, Bn is:

Bn ∋ z = (z1, z2, . . . , zn) = (z(1), z(2), . . . , z(m)),
∑

|z(j)|2 < 1.

With a group z(j) fixed, the complementing group of variables will
be denoted by

z̃(j) = (z(1), . . . , z(j−1), z(j−1), . . . , z(m)),

so, with an obvious permutations of variables z = (z(j), z̃(j)). In the
extreme case k = (1, 1, . . . , 1), the separately radial case, z̃j = z̃(j).
(Note the subtlety in notation: the subscript j (as in zj , z̃j , Vj ,
etc.) is used for denoting a single complex variable or some related
object, while the subscript (j) is used to denote the tuple of
variables and related objects, as in z(j) etc.)
A measurable function a = a(z), z ∈ Bn, will be called
k-quasi-radial if it depends only on r(1), ..., r(m), where

r2(j) = |z(j)| =
√
|zj ,1|2 + . . .+ |zj ,kj |2, j = 1, . . . ,m.



With this definition, such symbols can vary from separately radial,
a = a(|z1|, . . . , |zn|), if k = (1, ..., 1), to radial, a = a(|z |), if
k = (n). These cases have been demonstrated above.



Ta in Aλ(Bn), with k-quasi-radial symbol a = a(r1, . . . , rm), acts
diagonally upon the basis elements eα(z) as follows

Ta eα = γa,k,λ(α) eα, α ∈ Zn
+,

where γa,k,λ(α) is given by some terrible integral.
Given a tuple s = (s1, . . . , sm) ∈ Zm

+, we define the finite
dimensional subspace Hs of A as

Hs = span {eα : |α(j)| = sj , j = 1, . . . ,m}.

This subspace consists of functions which are, for each
j = 1, . . . ,m, homogeneous polynomials of order sj in the group of
variables z(j).



With ℓ ∈ Z+, for any fixed j , we define also the infinite

dimensional subspace H
(j)
ℓ in A as

H
(j)
ℓ = span {eα : |α(j)| = ℓ}.

The latter space is the closure in Aλ(Bn) of the space of
polynomials which are homogeneous order ℓ in the group of

variables z(j). With this definition, Hs =
⋂

j=1,...,m H
(j)
sj . We

introduce the corresponding orthogonal projections

Ps : A −→ Hs and P
(j)
ℓ : A −→ H

(j)
ℓ , ; Ps =

∏
j=1,...,m

P
(j)
sj .



With such notation, the Bergman space A splits into the
orthogonal sum in two ways:

A =
⊕
s∈Zm

+

Hs and A =
⊕
ℓ∈Z+

H
(j)
ℓ .

We see that in the second case, each summand consists of
functions having the fixed homogeneity order in variables of z(j)
and analytic in the remaining variables.

Ta =
∑
s∈Zm

+

γa,k,λ(s)Ps,

understood in the sense of the strong convergence. We group
them, correspondingly to the radial structure.



For each j = 1, . . . ,m, we introduce the rotation operator along
the group of variables z(j):

V(j) = zj ,1
∂

∂zj ,1
+ . . .+ zj ,kj

∂

∂zj ,kj
=

1

ı

∂

∂θj ,1
+ . . .+

1

ı

∂

∂θj ,kj
,

where zj ,ℓ = |zj ,ℓ|eıθj,ℓ , which is self-adjoint being defined on the
natural domain.

The operator V(j) admits the representation

V(j) =
∑
ℓ∈Z+

ℓP
(j)
ℓ ,

understood in the sense of the strong convergence.
For each j the operator V(j) acts only upon variables zl entering in
the partition z(j). Therefore, these operators commute. For each
fixed j , the operator V(j) has spectral structure similar to the one
we described for radial operators for a ball of dimension k = kj ; the
spectrum of V(j) consists of isolated points ℓ ∈ Z+. Namely, each
eigenfunction of V(j) corresponding to the eigenvalue ℓ has the
form

f
(j)
ℓ (z) = z

α(j)

(j) h(z̃(j))

with some multiindex αj ∈ Zkj
+, |α(j)| = ℓ and an analytic function

h of the complementing variables z̃(j). Such function f
(j)
ℓ (z)

belongs to the Bergman space Aλ(Bn) if and only if the function h
of the complementing variables z̃(j) belongs to the Bergman spaces

Aλ+ℓ+kj (Bn−kj ) in the ball of a smaller dimension, with
equivalence of norms.
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The spectral measure E for V = (V1, . . . ,Vm), is supported on the
integer lattice Zm

+,

V(j) =

∫
Rm

ηjdE(η1, ..., ηm).

The Functional Calculus implies:
Given an E -measurable function φ on Rm, the operator

φ(V) = φ(V1, . . . ,Vm) :=

∫
Rm

φ(η1, . . . , ηm) dE(η1, . . . , ηm)

is well defined and normal on its domain
Moreover the operator φ(V) is bounded, and thus defined on the
whole Aλ(Bn), if and only if the function φ is E -essentially
bounded. Operators φ(V) commute.

OpE : ℓ∞(Zm
+) −→ Rk

is an isomorphism of the C ∗-algebras.
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Toeplitz operators:

The Toeplitz operator Ta, with k-quasi-radial symbol
a = a(r1, r2, . . . , r), admits the representation

Ta =
∑
s∈Zm

+

γa,k,λ(s)Ps = φa(V),



Discussion

1. We find a different construction of commutative algebras of
Toeplitz operators, based upon the spectral theory of families of
commuting operators. 2. We associate a spectral function with
each Toeplitz operator; the algebra of spectral functions is
commutative, unlike the algebra of symbols. 3. The construction
extends to other commutative algebras of Toeplitz operators,
where thew spectrum may contain an essential component.


