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Plan

1) Generalized survival probability and multifractality

2) Ground state energy distributions

3) Quantum speed limit

4) Experimental platform for ESQPT: Kerr nonlinear oscillator
(shared with Jorge: Dynamics)

Kerr + linear part (shared with Miguel)

Driven Kerr and driven Dicke model
(shared with Jorge: Driven oscillator)
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Generalized Survival Probability
&

Multifractality
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Model

The 1D XXZ model with onsite disorder: spin1/2 model.
<latexit sha1_base64="delF5EdH3OUQLVhH0oO8hgxvGYE="></latexit>
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Ising interaction Flip-flop term

hn ∈ [−h,h]
Random numbers

n-2       n-1        n        n+1    n+2
h: disorder strength
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From Wigner-Dyson to Poisson
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Localization and entanglement
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LFS, Rigolin, Escobar 
Entanglement versus chaos in disordered spin chains

PRA 69, 042304 (2004)

Participation Ratio
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<latexit sha1_base64="GHpA73VOx0Jwsqcf7ddJyoOroSc=">AAACPHicbZBLTwIxFIU7+EJ8oS7dNBITV2RGjbokunGJUR4JENLpXKCh007ajoSM/DA3/gh3rty40Bi3ri0wCwVu0uTLOfe2vcePONPGdV+dzNLyyupadj23sbm1vZPf3atqGSsKFSq5VHWfaOBMQMUww6EeKSChz6Hm96/Hfu0BlGZS3JthBK2QdAXrMEqMldr5u0fcjCOilBwsAh5Io3EzkAORKosx7VNEdDm08wW36E4Kz4OXQgGlVW7nX+xdNA5BGMqJ1g3PjUwrIcowymGUa8YaIkL7pAsNi4KEoFvJZPkRPrJKgDtS2SMMnqh/JxISaj0MfdsZEtPTs95YXOQ1YtO5bCVMRLEBQacPdWKOjcTjJHHAFFDDhxYIVcz+FdMeUYQam3fOhuDNrjwP1ZOid148vT0rlK7SOLLoAB2iY+ShC1RCN6iMKoiiJ/SGPtCn8+y8O1/O97Q146Qz++hfOT+/BaCwZw==</latexit>

| """ . . . ### . . .i
<latexit sha1_base64="UpK02ki5ImWjy6Zbjqw/Q0pWMHo=">AAACPnicbZA7T8MwFIUdnqW8AowsFhUSU5UAAsYKFsYikbZSG1WO47RWHTuyHaoq9Jex8BvYGFkYQIiVEbeNEH1cydKnc+61fU+QMKq047xaS8srq2vrhY3i5tb2zq69t19TIpWYeFgwIRsBUoRRTjxNNSONRBIUB4zUg97NyK8/EKmo4Pd6kBA/Rh1OI4qRNlLb9h5hK02QlKIPW6Ho8xz/NBYKraasxZj3ScQ7jLTtklN2xgXnwc2hBPKqtu0XcxdOY8I1Zkippusk2s+Q1BQzMiy2UkUShHuoQ5oGOYqJ8rPx+kN4bJQQRkKawzUcq/8nMhQrNYgD0xkj3VWz3khc5DVTHV35GeVJqgnHk4eilEEt4ChLGFJJsGYDAwhLav4KcRdJhLVJvGhCcGdXnofaadm9KJ/dnZcq13kcBXAIjsAJcMElqIBbUAUewOAJvIEP8Gk9W+/Wl/U9aV2y8pkDMFXWzy/UvrFO</latexit>

| "#" . . . ### . . .i
<latexit sha1_base64="tSLkeVAjxm/rIrqXAq6fGr/xGJE=">AAACP3icdZBLTwIxFIU7+EJ8oS7dNBITV2RGjbokunGJiTwSIKTT6UBDp520dyQE+Wdu/Avu3LpxoTFu3VlgFgh6kyZfzrm37T1+LLgB131xMkvLK6tr2fXcxubW9k5+d69qVKIpq1AllK77xDDBJasAB8HqsWYk8gWr+b3rsV+7Z9pwJe9gELNWRDqSh5wSsFI7X33AzSQmWqv+DASqL6eImyJQYGalfzDt00R2BGvnC27RnRReBC+FAkqr3M4/27toEjEJVBBjGp4bQ2tINHAq2CjXTAyLCe2RDmtYlCRipjWc7D/CR1YJcKi0PRLwRJ2dGJLImEHk286IQNfMe2PxL6+RQHjZGnIZJ8AknT4UJgKDwuMwccA1oyAGFgjV3P4V0y7RhIKNPGdD8OZXXoTqSdE7L57enhVKV2kcWXSADtEx8tAFKqEbVEYVRNEjekXv6MN5ct6cT+dr2ppx0pl99Kuc7x89eLF4</latexit>

| ""# . . . ### . . .i

<latexit sha1_base64="xwvCgEolLrv3o8bNX1c6MRpnvy8=">AAACHXicbVDLSgMxFM34rPVVdekmWIS6KTNSH5tCsS50V8U+oI8hk6ZtaJIZkoxQpvMjbvwVNy4UceFG/BvTB6KtBy4czrmXe+/xAkaVtu0va2FxaXllNbGWXN/Y3NpO7exWlB9KTMrYZ76seUgRRgUpa6oZqQWSIO4xUvX6xZFfvSdSUV/c6UFAmhx1Be1QjLSR3FTuunTrRg3Egh6KYR42VMjdSOSduBVdUh7DYfHHbkUZcRQPWzk3lbaz9hhwnjhTkgZTlNzUR6Pt45AToTFDStUdO9DNCElNMSNxshEqEiDcR11SN1QgTlQzGn8Xw0OjtGHHl6aEhmP190SEuFID7plOjnRPzXoj8T+vHurOeTOiIgg1EXiyqBMyqH04igq2qSRYs4EhCEtqboW4hyTC2gSaNCE4sy/Pk8px1jnNntzk0oWLaRwJsA8OQAY44AwUwBUogTLA4AE8gRfwaj1az9ab9T5pXbCmM3vgD6zPbw/Goe0=</latexit>

IPR↵ =
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n=1

|C(n)
↵ |4

Inverse Participation Ratio
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Maximum Delocalization

Eigenstates of Full Random Matrices: GOE (real and symmetric)
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Participation Ratio

Random vectors:

coefficients are

random numbers from a

Gaussian distribution

(normalization)

<latexit sha1_base64="m2dOL8xDLRqIY679mgUhiQHgwhk=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRW1I1Q1IXLKvYBTSiT6aQdOjMJMxOhhCzc+CtuXCji1o9w5984bbPQ1gMXDufcy733BDGjSjvOt1VYWl5ZXSuulzY2t7Z37N29looSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Gritx+IVDQS93ocE5+jgaAhxUgbqWeXG3e91EMsHqIMXkAvlAin15RnaS3r2RWn6kwBF4mbkwrI0ejZX14/wgknQmOGlOq6Tqz9FElNMSNZyUsUiREeoQHpGioQJ8pPp09k8NAofRhG0pTQcKr+nkgRV2rMA9PJkR6qeW8i/ud1Ex2e+ykVcaKJwLNFYcKgjuAkEdinkmDNxoYgLKm5FeIhMjlok1vJhODOv7xIWsdV97Rauz2p1C/zOIqgDA7AEXDBGaiDG9AATYDBI3gGr+DNerJerHfrY9ZasPKZffAH1ucPKsiXzg==</latexit>

PR↵ =
Dim

3

<latexit sha1_base64="MyLe1NejL63+YPqUheLMSJDykC0=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KonvjVDUhe6q2Ac0oUymk3bozCTMTIQSsnHjr7hxoYhb/8Gdf+O0zUJbD1w4nHMv994TxIwq7Tjf1szs3PzCYmGpuLyyurZub2zWVZRITGo4YpFsBkgRRgWpaaoZacaSIB4w0gj6l0O/8UCkopG414OY+Bx1BQ0pRtpIbXvnpnrXTj3E4h7K4Dn0QolwepilV5RnbbvklJ0R4DRxc1ICOapt+8vrRDjhRGjMkFIt14m1nyKpKWYkK3qJIjHCfdQlLUMF4kT56eiLDO4ZpQPDSJoSGo7U3xMp4koNeGA6OdI9NekNxf+8VqLDMz+lIk40EXi8KEwY1BEcRgI7VBKs2cAQhCU1t0LcQyYHbYIrmhDcyZenSf2g7J6Uj2+PSpWLPI4C2Aa7YB+44BRUwDWoghrA4BE8g1fwZj1ZL9a79TFunbHymS3wB9bnD8abmCM=</latexit>

IPR↵ =
3

Dim

Inverse Participation Ratio

<latexit sha1_base64="NUY+kVauWHtG3EOY2wk3a41IBsw=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqswUX8uiXbisYluhMw6ZNNOGZiYhyQhlmJUbf8WNC0Xc+g3u/BvTx0JbDwQO59zLzTmhYFRpx/m2CguLS8srxdXS2vrG5pa9vdNSPJWYNDFnXN6FSBFGE9LUVDNyJyRBcchIOxxcjvz2A5GK8uRWDwXxY9RLaEQx0kYK7P3GTZB5iIk+yqEnJBeawzqN77N6UM0Du+xUnDHgPHGnpAymaAT2l9flOI1JojFDSnVcR2g/Q1JTzEhe8lJFBMID1CMdQxMUE+Vn4xg5PDRKF0ZcmpdoOFZ/b2QoVmoYh2YyRrqvZr2R+J/XSXV07mc0EakmCZ4cilIGTdRRJ7BLJcGaDQ1BWFLzV4j7SCKsTXMlU4I7G3metKoV97Rycn1crl1M6yiCPXAAjoALzkANXIEGaAIMHsEzeAVv1pP1Yr1bH5PRgjXd2QV/YH3+AM+mmLc=</latexit>

PR↵ / DimD2

FRACTAL
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Multifractality

<latexit sha1_base64="hIOYhnw7RfYFA4MM1JK9+7ghr9o=">AAACInicbVDJSgNBEO2Je9yiHr00BsFTmInichBEL3qLYhbITIaeTk/STM9id40QxnyLF3/FiwdFPQl+jJ0YUBMfFDzeq6KqnpcIrsA0P4zc1PTM7Nz8Qn5xaXlltbC2XlNxKimr0ljEsuERxQSPWBU4CNZIJCOhJ1jdC84Gfv2WScXj6Bp6CXNC0om4zykBLbmFo4vKlXvTymwiki7p42NsqzR0A2wL5sMdPnODH9OWvNOFu1 ZWxjd9t1A0S+YQeJJYI1JEI1TcwpvdjmkasgioIEo1LTMBJyMSOBWsn7dTxRJCA9JhTU0jEjLlZMMX+3hbK23sx1JXBHio/p7ISKhUL/R0Z0igq8a9gfif10zBP3QyHiUpsIh+L/JTgSHGg7xwm0tGQfQ0IVRyfSumXSIJBZ1qXodgjb88SWrlkrVf2r3cK56cjuKYR5toC+0gCx2gE3SOKqiKKLpHj+gZvRgPxpPxarx/t+aM0cwG+gPj8wsfeaQP</latexit>

IPR↵
q =

X

k

|C↵
k |

2q

<latexit sha1_base64="tePgdB1XPHikK8lsLDaRGB8RMhs=">AAACGHicbVA7T8MwGHTKq5RXgJHFokIqQ0sCCBgr6ABbQfQhNSFyXLe16jip7SBVUX8GC3+FhQGEWLvxb3DbDFA4ydL57vtk3/kRo1JZ1peRWVhcWl7JrubW1jc2t8ztnboMY4FJDYcsFE0fScIoJzVFFSPNSBAU+Iw0/P7VxG88EiFpyO/VMCJugLqcdihGSkueeeQwxLuMwJvqnTeAjpjdnEiEkQphhQYPSbEwKNqHsOINRt Az81bJmgL+JXZK8iBF1TPHTjvEcUC4wgxJ2bKtSLkJEopiRkY5J5YkQriPuqSlKUcBkW4yDTaCB1ppw04o9OEKTtWfGwkKpBwGvp4MkOrJeW8i/ue1YtW5cBPKo1gRjmcPdWIGdeRJS7BNBcGKDTVBWFD9V4h7SCCsdJc5XYI9H/kvqR+X7LPSye1pvnyZ1pEFe2AfFIANzkEZXIMqqAEMnsALeAPvxrPxanwYn7PRjJHu7IJfMMbfASWeeQ==</latexit>

hIPRqi / Dim�(q�1)Dq
<latexit sha1_base64="pFYx7QBgkZk2sWkseuWracPpX0U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegHjxGNA9IljA7mSRDZmfXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJbCoOt+O7ml5ZXVtfx6YWNza3unuLtXN1GiGa+xSEa6GVDDpVC8hgIlb8aa0zCQvBEMryd+44lrIyL1gKOY+yHtK9ETjKKV7m86j51iyS27U5BF4mWkBBmqneJXuxuxJOQKmaTGtDw3Rj+lGgWTfFxoJ4bHlA1pn7csVTTkxk+np47JkVW6pBdpWwrJVP09kdLQmFEY2M6Q4sDMexPxP6+VYO/ST4WKE+SKzRb1EkkwIpO/SVdozlCOLKFMC3srYQOqKUObTsGG4M2/vEjqJ2XvvHx6d1aqXGVx5OEADuEYPLiACtxCFWrAoA/P8ApvjnRenHfnY9aac7KZffgD5/MHIBSNtA==</latexit>

Dq :  generalized dimension

generalized inverse participation ratio

ln(Dim)
ln

(IP
R
q)Fully delocalized states:

<latexit sha1_base64="qnkCsRDk3UsG3NfW6QE9s1IWA1M=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVol6Eoh48VrAf0C4lm2bb2GyyJlmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719AyUYTWieRStQKsKWeC1g0znLZiRXEUcNoMhtcTv/lElWZS3JtRTP0I9wULGcHGSo2b7iO69LrFklt2p0CLxMtICTLUusWvTk+SJKLCEI61bntubPwUK8MIp+NCJ9E0xmSI+7RtqcAR1X46vXaMjqzSQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjAyrYELz5lxdJ46TsnZVP7yql6lUWRx4O4BCOwYNzqMIt1KAOBB7gGV7hzZHOi/PufMxac042sw9/4Hz+AGnSjmA=</latexit>

Dq = 1

Multifractal states:

Localized states:
<latexit sha1_base64="RwVZV4r9drSHAQF5y+VBPUsK1YM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVol6Eoh48VrAf0C4lm2bb2GyyJlmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719AyUYTWieRStQKsKWeC1g0znLZiRXEUcNoMhtcTv/lElWZS3JtRTP0I9wULGcHGSo2b7iO6dLvFklt2p0CLxMtICTLUusWvTk+SJKLCEI61bntubPwUK8MIp+NCJ9E0xmSI+7RtqcAR1X46vXaMjqzSQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjAyrYELz5lxdJ46TsnZVP7yql6lUWRx4O4BCOwYNzqMIt1KAOBB7gGV7hzZHOi/PufMxac042sw9/4Hz+AGhOjl8=</latexit>

Dq = 0

(nonlinear dependence of Dq on q)

<latexit sha1_base64="Bf3Oib7EBcDnfocq17ALXEZ++qY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdcghqAePEcwDkiXMTjrJkNnZdWZWCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4gF18Z1v52l5ZXVtfXcRn5za3tnt7C3X9dRohjWWCQi1QyoRsEl1gw3ApuxQhoGAhvB8GbiN55QaR7JBzOK0Q9pX/IeZ9RYqeGWbzuPZa9TKLoldwqySLyMFCFDtVP4ancjloQoDRNU65bnxsZPqTKcCRzn24nGmLIh7WPLUklD1H46PXdMjq3SJb1I2ZKGTNXfEykNtR6Fge0MqRnoeW8i/ue1EtO78lMu48SgZLNFvUQQE5HJ76TLFTIjRpZQpri9lbABVZQZm1DehuDNv7xI6qcl76J0fn9WrFxnceTgEI7gBDy4hArcQRVqwGAIz/AKb07svDjvzsesdcnJZg7gD5zPHwIWjrc=</latexit>

0 < Dq < 1
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Multifractality

<latexit sha1_base64="hIOYhnw7RfYFA4MM1JK9+7ghr9o="></latexit>

IPR↵
q =

X

k

|C↵
k |

2q

<latexit sha1_base64="tePgdB1XPHikK8lsLDaRGB8RMhs=">AAACGHicbVA7T8MwGHTKq5RXgJHFokIqQ0sCCBgr6ABbQfQhNSFyXLe16jip7SBVUX8GC3+FhQGEWLvxb3DbDFA4ydL57vtk3/kRo1JZ1peRWVhcWl7JrubW1jc2t8ztnboMY4FJDYcsFE0fScIoJzVFFSPNSBAU+Iw0/P7VxG88EiFpyO/VMCJugLqcdihGSkueeeQwxLuMwJvqnTeAjpjdnEiEkQphhQYPSbEwKNqHsOINRtAz81bJmgL+JXZK8iBF1TPHTjvEcUC4wgxJ2bKtSLkJEopiRkY5J5YkQriPuqSlKUcBkW4yDTaCB1ppw04o9OEKTtWfGwkKpBwGvp4MkOrJeW8i/ue1YtW5cBPKo1gRjmcPdWIGdeRJS7BNBcGKDTVBWFD9V4h7SCCsdJc5XYI9H/kvqR+X7LPSye1pvnyZ1pEFe2AfFIANzkEZXIMqqAEMnsALeAPvxrPxanwYn7PRjJHu7IJfMMbfASWeeQ==</latexit>

hIPRqi / Dim�(q�1)Dq

Fully delocalized states:
<latexit sha1_base64="qnkCsRDk3UsG3NfW6QE9s1IWA1M=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVol6Eoh48VrAf0C4lm2bb2GyyJlmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719AyUYTWieRStQKsKWeC1g0znLZiRXEUcNoMhtcTv/lElWZS3JtRTP0I9wULGcHGSo2b7iO69LrFklt2p0CLxMtICTLUusWvTk+SJKLCEI61bntubPwUK8MIp+NCJ9E0xmSI+7RtqcAR1X46vXaMjqzSQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjAyrYELz5lxdJ46TsnZVP7yql6lUWRx4O4BCOwYNzqMIt1KAOBB7gGV7hzZHOi/PufMxac042sw9/4Hz+AGnSjmA=</latexit>

Dq = 1

Multifractal states:
<latexit sha1_base64="Kw+DiW1DZ0kqQCDdIlXMh9Yy3Y8=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1CJFUAvLCOYDkiPsbfaSJbt7l909IRz5EzYWitj6d+z8N26SKzTxwcDjvRlm5gUxZ9q47reTW1ldW9/Ibxa2tnd294r7Bw0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+Ht1G8+UaVZJB/NOKa+wH3JQkawsVLLq9x1R6jidoslt+zOgJaJl5ESZKh1i1+dXkQSQaUhHGvd9tzY+ClWhhFOJ4VOommMyRD3adtSiQXVfjq7d4JOrNJDYaRsSYNm6u+JFAutxyKwnQKbgV70puJ/Xjsx4bWfMhknhkoyXxQmHJkITZ9HPaYoMXxsCSaK2VsRGWCFibERFWwI3uLLy6RxVvYuy+cPF6XqTRZHHo7gGE7Bgyuowj3UoA4EODzDK7w5I+fFeXc+5q05J5s5hD9wPn8AWKmO3w==</latexit>

1 < Dq < 0

Localized states:
<latexit sha1_base64="RwVZV4r9drSHAQF5y+VBPUsK1YM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVol6Eoh48VrAf0C4lm2bb2GyyJlmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719AyUYTWieRStQKsKWeC1g0znLZiRXEUcNoMhtcTv/lElWZS3JtRTP0I9wULGcHGSo2b7iO6dLvFklt2p0CLxMtICTLUusWvTk+SJKLCEI61bntubPwUK8MIp+NCJ9E0xmSI+7RtqcAR1X46vXaMjqzSQ6FUtoRBU/X3RIojrUdRYDsjbAZ63puI/3ntxIQXfspEnBgqyGxRmHBkJJq8jnpMUWL4yBJMFLO3IjLAChNjAyrYELz5lxdJ46TsnZVP7yql6lUWRx4O4BCOwYNzqMIt1KAOBB7gGV7hzZHOi/PufMxac042sw9/4Hz+AGhOjl8=</latexit>

Dq = 0

h=0 h=hc

Localized Phase
Multifractal

Disorder strength

Chaotic 
Region ???

Is there a region of multifractality before the critical point?
Finite-size effects
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Lack of Self-Averaging

Solórzano, LFS, Torres-Herrera
Phys. Rev. Research 3, 032030 (2021)

102 (black squares)

5x102 (turquoise diamonds)

1x103 (blue up triangles)

5x103 (green down triangles) 

1x104 (maroon left triangles) 

2x104 (magenta right triangles)

3x104 (red circles)

ln(Dim) ln(Dim)
QUESTION:

Analysis in other bases?



Lea F. Santos Xalapa 2023

Survival Probability

Ψ(0) |Ψ(t)〉
2Survival Probability

Return Probability
Fidelity Cα

ini = α Ψ(0)

SP(t) = Ψ(0) |Ψ(t)〉
2
= Cα

ini

α

∑
2
e−iEαt

2

≅ ρini (E)e
−iEt dE∫

2

Ψ(0) =↑↓↓↑↓↑↓↑↑

ρini (E) = Cα
ini

α

∑
2
δ(E −Eα )

ρ

E

LDOS

Energy distribution of the initial state
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D2 in one-body system 

Huckstein & Klesse
PRB 59, 9714 (1999)
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SP (t) / t�D2/d

Ketzmerick & Geisel
PRL 69, 695 (1992)

Mirlin, 
Kravtsov,
Chalker, etc
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Power-law Exponent and D2
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Power-law Exponent and D2

h>J

h<J Torres & LFS
PRB 92, 01420 (2015)

h=J

t−γ

Power-law exponent 
coincides with the 
generalized dimension D2

t−γ
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Torres & LFS

PRB 92, 01420 (2015)

h=1.0

h=2.5

t−γ PR(α ) ∝DimD2

Power-law exponent 
coincides with the 
generalized dimension D2

Power-law Exponent and D2

ADVANTAGE:

When studying dynamics, 
we can deal with larger 
systems, than when we 
analyze the structure of 
the eigenstates.

L=16
L=14
L=12
L=10

L=16
L=14
L=12
L=10
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Generalized Survival Probability

Generalized LDOS

q=0:   SPq(t) = SFF(t)

Getting analytical results for the SPq(t) using GOE…
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Generalized Survival Probability: GOE

One can then state that the robustness of the 
generalized LDoS for different values of q is a 
sign of the ergodicity of the eigenstates of the 
system.
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Generalized Survival Probability: Chaotic Spin Model

The dependence of the width of the gLDoS on q reveals the limited degree of 
ergodicity of physical systems, even deep in the chaotic regime
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The components at the tails of the initial-
state energy distribution, where chaotic 
states are nonexistent, get erased.
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Generalized Survival Probability: Spin Model for h=2

The patterns observed 
in (a)-(b) suggest fractality.
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For finite-size systems, several numerical studies supported that the eigenstates of 
the disordered spin model should become multifractal in its transition to the many-
body localized phase, although this has not been confirmed in the thermodynamic 
limit.
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One may be able to get Dq from SPq (right).
It is clear that gq decreases as q increases and the 
minimum of the correlation hole takes longer to be 
reached. In this case, the power-law behavior reflects 
the correlations among the components of the initial 
state, which get enhanced for larger values of q.
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Width of the gLDOS
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Dq vs �q
*) Analysis for various values of h
*) Analysis also of the power-law decay
*) Analysis of the time to reach the hole

Discussion: SP for Dicke averaged over initial states; disordered Bose-Hubbard, 
models with long-range couplings …

The results suggest that even the WIDTH of the gLDOS can say something about 
multifractality!
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Distribution of 
ground-state energy



Lea F. Santos Xalapa 2023

Ground state energy: Nuclear Physics

P • bulk of the spectrum 
• How about the distribution of the lowest energy level?
Extreme-value statistics concerns the study of rare events, such as tsunamis, floods, 
earthquakes, and large variations in the stock market. It has been employed in the context 
of the Griffiths phase, in the study of the fluctuations of the smallest (largest) eigenvalue 
of random matrices (applications in analyses of the stability of dynamical systems with 
interactions and of the equilibrium properties of disordered systems at low temperatures)

To understand the predominance of 0+ ground states.

Kusnezov
Zelevinsky
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Tracy-Widom distribution

P
Our results:
Agreement with random matrix theory for the energy levels in the 
bulk of the spectrum does NOT imply the same for the ground-
state energy distribution!

Tracy-Widom 2x2 GOE:
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Tracy-Widom distribution in physical models

2x2 GOE:

Gaussian R

Uniform R

FIXED (not random) coupling.
DEVIATIONS from Tracy-Widom and from 2x2GOE

Gaussian R
Gaussian R

Why? Which other models deviate? Random Dicke? Few vs Many degrees…
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Chi-square distribution

Just as the Brody and Izrailev distributions reproduce any of 
the level spacing distributions between Poisson and Wigner-
Dyson, the χ2 distribution captures any of the lowest-energy 
distributions, including TW, 2x2GOE and Gaussian.
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Open Questions

Why are there deviations?

Why does the chi-square distribution capture most of E0-distributions 
for disordered many-body quantum systems? Does it work for systems 
with few degrees of freedom (random Dicke)?

What happens to the structure of the ground states? Are they 
multifractal? Is the structure of the eigenstates related with the kind of 
E0-distribution that we get?

How about the prevalence of 0+? Is there an analog for spin models?
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Analog of 0+ in spin models?
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Analog of 0+ in spin models?
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Sz=0 sector gets 
enhanced.

Why?
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Quantum Speed Limit

https://www.quantphys.com/2022/01/mandelstam-tamm-uncertainty-relation.html
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Mandelstam-Tamm energy-time uncertainty 
relation

Derivation of the Mandelstam-Tamm energy-time relation

time required for a significant change of the expectation value of an 
observable A

Assume that H and A do not commute

Since the rate of change of the 
expectation value of A is

We have that Defining
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Quantum Speed Limit
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hAi = h (t)|A| (t)i

change of the expectation value of an 
observable A
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A = | (0)ih (0)|

Since

is the uncertainty in the energy of the initial state = width of the LDOS = G

Therefore
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hAi = h (t)| (0)ih (0)| (t)i = SP (t)
<latexit sha1_base64="CH9rplvrc6OTJLtGrdCVARVsNIQ="></latexit>

hA2i = h (t)| (0)ih (0)| (0)ih (0)| (t)i = SP (t)
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Quantum Speed Limit

is the uncertainty in the energy 
of the initial state = width of the 
LDOS = G

<latexit sha1_base64="YBDZuZ+uX63Xl78aX3TvA3+aEx4=">AAACRHicbVDLSgMxFM34rPU16tJNsAjtpsyIr41QdeNyRPuATimZNG1DM5khyQhl2o9z4we48wvcuFDErZhOp9CHF0JOzjn3JjleyKhUlvVmLC2vrK6tZzaym1vbO7vm3n5FBpHApIwDFoiahyRhlJOyooqRWigI8j1Gql7vdqRXn4iQNOCPqh+Sho86nLYpRkpTTbPuMsQ7jMBr6IoxuoITznUkzavCINmtwsQwI1uFwcQ3NeHB0eemmbOKVlJwEdgpyIG0nKb56rYCHPmEK8yQlHXbClUjRkJRzMgw60aShAj3UIfUNeTIJ7IRJyEM4bFmWrAdCL24ggk73REjX8q+72mnj1RXzmsj8j+tHqn2ZSOmPIwU4Xh8UTtiUAVwlChsUUGwYn0NEBZUvxXiLhIIK517Vodgz395EVROivZ58ez+NFe6SePIgENwBPLABhegBO6AA8oAg2fwDj7Bl/FifBjfxs/YumSkPQdgpozfP9VdrlY=</latexit>
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Doing the integral

<latexit sha1_base64="pCn+z6eQpYsX76KmFe3PeQuz4ug="></latexit>
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d>1, Effectively Break the Chain

Hinitial = HXXZ = J(Sn
xSn+1

x + Sn
ySn+1

y +ΔSn
zSn+1

z )
n=1

L−1

∑ $→$ H final = HXXZ + dJSL/2
z

integrable

d >1 breaks the chain
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Quantum Speed Limit
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F(t) = cos2 (dt / 2)exp(−σ 2t2 )

d=8

Torres & LFS
PRA 90 (2014)

Hinitial = HXXZ = J(Sn
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∑ $→$ H final = HXXZ + dJSL/2
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integrable chaotic

Cα
ini 2

Can we get a more realistic and experimentally feasible 
bimodal distribution for the LDOS in the Dicke model or 

other experimental model?
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Superconducting Circuits
(Squeezed Kerr Nonlinear Oscillator)

arXiv:2210.07255

https://www.youtube.com/watch?v=-7b-ngIgcyw
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Spontaneous Emission

SPONTANEOUS EMISSION:

Excited atom discharges its excess energy in the form of photons that escape to infinity 
at the speed of light.
(as uncontrollable and as irreversible as the explosion of fireworks)

Atom is embedded in vacuum fluctuations (atom-vacuum system).

Electron is coupled with the quantized electromagnetic field of the vacuum.

Photon has many vacuum modes to propagate into.
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Cavity QED 
(cavity quantum electrodynamics)

CAVITY QUANTUM ELECTRODYNAMICS (QED): 
is the study/control of the interaction between light and matter (atom/particle) 
confined in a cavity.

SPONTANEOUS EMISSION:

We can control and manipulate spontaneous emission by placing the atom in a 
small box with reflecting walls (optical/microwave CAVITY)
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Circuit QED 
(circuit quantum electrodynamics)

CIRCUIT QUANTUM ELECTRODYNAMICS (QED): 

was inspired by atomic cavity QED;

is the study of the interaction between light and matter;

light = microwave photons (quantized electromagnetic fields)
(photons stored in high-quality coplanar waveguide resonators);

artificial atom = nonlinear superconducting circuit.
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LC Circuit 

Small circuits: “coordinate” Φ and the “momentum” Q 
become noncommuting quantum observables

Quantum harmonic oscillator

<latexit sha1_base64="jP14iplT72es6xayRKCUjpIg6M8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBhZREiroRim5ctmAfkIQymU6aoZMHMxOxhP6KGxeKuPVH3Pk3TtsstPXAhcM593LvPX7KmVSW9W2U1tY3NrfK25Wd3b39A/Ow2pVJJgjtkIQnou9jSTmLaUcxxWk/FRRHPqc9f3w383uPVEiWxA9qklIvwqOYBYxgpaWBWXXcVsjO2x66QQy5oY/FwKxZdWsOtErsgtSgQGtgfrnDhGQRjRXhWErHtlLl5VgoRjidVtxM0hSTMR5RR9MYR1R6+fz2KTrVyhAFidAVKzRXf0/kOJJyEvm6M8IqlMveTPzPczIVXHs5i9NM0ZgsFgUZRypBsyDQkAlKFJ9ogolg+lZEQiwwUTquig7BXn55lXQv6vZlvdFu1Jq3RRxlOIYTOAMbrqAJ99CCDhB4gmd4hTdjarwY78bHorVkFDNH8AfG5w/v7pMZ</latexit>

[�, Q] = i~

V
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LC Circuit 

Small circuits: “coordinate” Φ and the “momentum” Q 
become noncommuting quantum observables

Low temperature: circuit is a superconducting, 
resistance vanishes, electrons -> Cooper pairs.

Quantum harmonic oscillator

<latexit sha1_base64="jP14iplT72es6xayRKCUjpIg6M8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBhZREiroRim5ctmAfkIQymU6aoZMHMxOxhP6KGxeKuPVH3Pk3TtsstPXAhcM593LvPX7KmVSW9W2U1tY3NrfK25Wd3b39A/Ow2pVJJgjtkIQnou9jSTmLaUcxxWk/FRRHPqc9f3w383uPVEiWxA9qklIvwqOYBYxgpaWBWXXcVsjO2x66QQy5oY/FwKxZdWsOtErsgtSgQGtgfrnDhGQRjRXhWErHtlLl5VgoRjidVtxM0hSTMR5RR9MYR1R6+fz2KTrVyhAFidAVKzRXf0/kOJJyEvm6M8IqlMveTPzPczIVXHs5i9NM0ZgsFgUZRypBsyDQkAlKFJ9ogolg+lZEQiwwUTquig7BXn55lXQv6vZlvdFu1Jq3RRxlOIYTOAMbrqAJ99CCDhB4gmd4hTdjarwY78bHorVkFDNH8AfG5w/v7pMZ</latexit>

[�, Q] = i~

Non-addressable 
energy levels 

V
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Anharmonic LC Circuit 

Josephson junction is a nonlinear circuit element 
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Anharmonic LC Circuit 

Josephson junction is a nonlinear circuit element 

Quantum ANharmonic oscillator
(pendulum)

Addressable energy levels 

V

<latexit sha1_base64="VYegSXrWFWGv9Msy7Nh/i0Rq2IE=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21oNhuSbKEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZeqAQ31vO+UWFjc2t7p7hb2ts/ODwqH5+0TJJqypo0EYnuhMQwwSVrWm4F6yjNSBwK1g7H93O/PWHa8EQ+2aliQUyGkkecEuukdm9CtBrxfrniVb0F8Drxc1KBHI1++as3SGgaM2mpIMZ0fU/ZICPacirYrNRLDVOEjsmQdR2VJGYmyBbnzvCFUwY4SrQrafFC/T2RkdiYaRy6zpjYkVn15uJ/Xje10W2QcalSyyRdLopSgW2C57/jAdeMWjF1hFDN3a2Yjogm1LqESi4Ef/XlddK6qvrX1dpjrVK/y+MowhmcwyX4cAN1eIAGNIHCGJ7hFd6QQi/oHX0sWwsonzmFP0CfP344j68=</latexit>'

TRANSMON QUBIT

It allows for selective transitions 
between energy levels 
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Kerr Nonlinear Oscillator

V

<latexit sha1_base64="VYegSXrWFWGv9Msy7Nh/i0Rq2IE=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21oNhuSbKEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZeqAQ31vO+UWFjc2t7p7hb2ts/ODwqH5+0TJJqypo0EYnuhMQwwSVrWm4F6yjNSBwK1g7H93O/PWHa8EQ+2aliQUyGkkecEuukdm9CtBrxfrniVb0F8Drxc1KBHI1++as3SGgaM2mpIMZ0fU/ZICPacirYrNRLDVOEjsmQdR2VJGYmyBbnzvCFUwY4SrQrafFC/T2RkdiYaRy6zpjYkVn15uJ/Xje10W2QcalSyyRdLopSgW2C57/jAdeMWjF1hFDN3a2Yjogm1LqESi4Ef/XlddK6qvrX1dpjrVK/y+MowhmcwyX4cAN1eIAGNIHCGJ7hFd6QQi/oHX0sWwsonzmFP0CfP344j68=</latexit>'

Spectral kissing and its dynamical consequences 
in the squeezed Kerr-nonlinear oscillator
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Squeezed Kerr-Nonlinear Oscillator

microwave
drive

rotating frame

Kerr nonlinearity Squeezing amplitude

In the case of the SNAIL transmon, the Hamiltonian of the driven circuit, which is built 
by an arrangement of a few Josephson junctions, reads

Static 
effective 
Hamiltonian
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Squeezed Kerr-Nonlinear Oscillator

Jorge’s talk

Jorge will also talk about 
1) Our ongoing studies of the original driven system (with Diego Wisniacki)
2) Our idea of adding time dependence to the effective H (with Curro)

<latexit sha1_base64="WsEpLLx78qjhAt0ho8ebEKpMRp4=">AAAB8HicbVDJSgNBEO2JW4xb1KOXxiB4CjPidhGCevAYwSySDKGnU5M06Z4ZumuEMOQrvHhQxKuf482/sbMcNPFBweO9KqrqBYkUBl3328ktLa+sruXXCxubW9s7xd29uolTzaHGYxnrZsAMSBFBDQVKaCYamAokNILBzdhvPIE2Io4ecJiAr1gvEqHgDK302L4FiYxeuZ1iyS27E9BF4s1IicxQ7RS/2t2Ypwoi5JIZ0/LcBP 2MaRRcwqjQTg0kjA9YD1qWRkyB8bPJwSN6ZJUuDWNtK0I6UX9PZEwZM1SB7VQM+2beG4v/ea0Uw0s/E1GSIkR8uihMJcWYjr+nXaGBoxxawrgW9lbK+0wzjjajgg3Bm395kdRPyt55+ez+tFS5nsWRJwfkkBwTj1yQCrkjVVIjnCjyTF7Jm6OdF+fd+Zi25pzZzD75A+fzB6+uj7E=</latexit>

� = 0

<latexit sha1_base64="c3p6x/4R/LG5YqaXkpV8WRMTbYA=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NQDx4jmAdklzA76SRDZmc3M7OBEPIdXjwo4tWP8ebfOEn2oNGChqKqm+6uMBFcG9f9cnIrq2vrG/nNwtb2zu5ecf+gruNUMayxWMSqGVKNgkusGW4ENhOFNAoFNsLB7cxvjFBpHstHM04wiGhP8i5n1Fgp8O9QGEp8iUPitoslt+zOQf4SLyMlyFBtFz/9TszSCKVhgmrd8t zEBBOqDGcCpwU/1ZhQNqA9bFkqaYQ6mMyPnpITq3RIN1a2pCFz9efEhEZaj6PQdkbU9PWyNxP/81qp6V4HEy6T1KBki0XdVBATk1kCpMMVMiPGllCmuL2VsD5VlBmbU8GG4C2//JfUz8reZfni4bxUucniyMMRHMMpeHAFFbiHKtSAwRCe4AVenZHz7Lw574vWnJPNHMIvOB/fnVORXA==</latexit>

� 6= 0 Miguel’s talk

Miguel will also talk about 
the parallel with the double-well Bose-Hubbard model (with Jorge Hirsch)
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Squeezed Kerr-Nonlinear Oscillator

EXPERIMENT THEORY
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K = 0.319MHz

spectral
kissing

arXiv: 2209.03934
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Vanishing of Energy Separations 

EXPERIMENT THEORY
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merging levels
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clustering
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ESQPT

arXiv: 2209.03934
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Advantages of the Experimental Platform
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There is no other platform for the analysis of ESQPTs where 
the spectrum can be measured as a function of the control 
parameter.

We bring to the theoreticians, a highly controllable platform 
in which new experiments can be proposed and performed. 

We bring to the superconducting circuit community insights on 
what can be explored with their developing technology. 

The superconducting circuit platform that we consider is unique for studies of 
ESQPTs because both spectrum and dynamics can be measured 

simultaneously. 

Dynamics in phase space
• Cavity QED provides unmatched fidelities for direct reconstruction and real-time observations. 
• Wigner/Husimi function can be experimentally accessed in real-time. 

Quantum simulator for nuclear, molecular, and condensed matter systems that 
present ESQPTs and related phenomena.
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Critical Point

O

Classical 
Hamiltonian

O

EESQPT

O

O
O

p=0,
q=0

Jorge’s talkThe model is similar to the Lipkin model 
(1 degree of freedom), but the spectrum  
is unbounded.


