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This material is in books, online - by QCDoers

Books:

Web pages:
CTEQ: http://users.phys.psu.edu/∼cteq/
PDG: http://pdg.lbl.gov
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John Collins

M.E. Tejeda-Yeomans elena.tejeda@fisica.uson.mx Iniciación a la QCD 3/48

3/48



This material is in books, online- by QCDoers

Dave Soper
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This material is in books, online- by QCDoers

George Sterman
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This material is in books, online- by QCDoers

These three lectures following:

• Introduction to QCD by Michelangelo L. Mangano (CERN,
TH Division, Geneva, Switzerland)

• CTEQ web page
http://www.physics.smu.edu/scalise/cteq/: lectures,
handbook, pdfs

I am using a Beamer Theme FLIP 2012 by Flip Tanedo
(distributed under the LaTeX Project Public License and under
the GNU Public License)
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3 lectures: three quarks for Muster Mark!
Lecture 1:

• QCD at the LHC

• Gauge invariance and Feynman rules for QCD

Lecture 2:

• Renormalization and running αs

• pQCD in e+e−-collisions: from partons to hadrons, jets, shape
variables

Lecture 3:

• pQCD in lepton-hadron collisions: DIS and parton evolution

• pQCD at the LHC

√
Overlap with other lectures is unavoidable.√
As with other things in life, the U and everything:

overlap is good :)
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Status of pQCD
Tests of QCD dynamics at e+e− colliders, S. Kluth

Rept.Prog.Phys.69:1771-1846 (2006) arXiv:hep-ex/0603011

PDG pdg.lbl.gov
It is now carved in stone

• QCD: Nature favours SU(3) gauge theory

• αQCD running from all sorts of expmts and E scales
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Why do we keep QCDing?

Physics@Colliders
cannot be done with quantitative seriousness

without pQCD beyond LO
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Why do we keep QCDing?

Physics@Colliders
cannot be done with quantitative seriousness

without pQCD beyond LO
but also

QCD is at the heart of everything!
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QCD, QCD-style, QCD-ish, QCD-related

QCD

npQCD

lattice

SDEs

effective
theories

heavy
quark
EFT

xQCD

SCET

nrQCD

pQCD

loops,
legs → ε
structure

duality

factorization,
jets →
MCs

M.E. Tejeda-Yeomans elena.tejeda@fisica.uson.mx Iniciación a la QCD 20/48

20/48



Yes, it is also on Sheldon’s white boards
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And in card games
http://www.jicfus.jp/en/promotion/pr/quark-card-dealer/
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Quantum Chromodynamics (QCD)

• Theory of strong interactions.

• Formulated in terms of elementary fields (quarks and gluons),
whose interactions obey the principles of a relativistic QFT,
with a non-abelian gauge invariance SU(3).

• Emergence of QCD as theory of strong interactions could be
reviewed historically, analyzing the various experimental data
and the theoretical ideas available in the years 1960 - 1973
Personally recommend:
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QCD today

huge set of subjects describes/feeds from huge sets of data

structure/distribution functions

deep-inelastic scattering (DIS)

sum rules, polarized DIS

small x physics (hard pomerons, diffraction)

LEP, LHC, RHIC,...

Still relevant to ask

• What are the fundamental notions of QCD?

• What are its fundamental applications?

• Do we get to learn from QCD via QED or do we learn from
dual theories?
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3 lectures, a lifetime

do until (observable is well described)

> start somewhere(else) in the theory

> get basic tools to calculate (new)observables

> look at (new)data and compare

enddo
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3 lectures, a lifetime
pQCD: Feynman diag + reg/ren

do until (observable is well described)

> start somewhere(else) in the theory

> get basic tools to calculate (new)observables

> look at (new)data and compare

enddo

e+e−, pp, e−p

dσ, dΓ, dN
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Start somewhere

Imagine we know all about how
√

hadrons are made of quarks
√

quarks are spin-1/2, colour-triplet fermions
√

quarks interact by exchange of an octet of spin-1 gluons
√

running couplings: interaction strength not constant
√

asymptotic freedom/confinement: quarks are free within
hadron scale and not beyond

√
familiarity with the fundamental ideas and formalism of QED:
Feynman rules, renormalization, gauge invariance

M.E. Tejeda-Yeomans elena.tejeda@fisica.uson.mx Iniciación a la QCD 27/48

27/48



Feynman rules for QED

Obtained from the Lagrangian:

L = ψ(i��∂ −m)ψ − eψ��Aψ −
1

4
FµνF

µν , (1)

where ψ is the electron field, of mass m and coupling constant e,
and Fµν is the electromagnetic field strength.

Fµν = ∂µAν − ∂νAµ. (2)
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Feynman rules for QED

The resulting Feynman rules are summarized

=
i

�p −m + iε
= �p + m

p2 −m2 + iε
(3)

= −i gµν
p2 + iε

(Feynman gauge) (4)

= −ieγµQ (5)

Q = −1 for the electron Q = 2/3 for the u quark, etc.
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A basic QED process

e+e− → γγ (for simplicity we shall always asume m = 0)

e−

e+

k1, µ

k2, ν

= D1 + D2 (6)

M.E. Tejeda-Yeomans elena.tejeda@fisica.uson.mx Iniciación a la QCD 30/48

30/48



A basic QED process

The total probability amplitude Mγ is given by:

i

e2
Mγ ≡ D1 + D2

= v(q)�ε2
1

�q −��k1
�ε1u(q) + v(q)�ε1

1

�q −��k2
�ε2u(q)

≡ Mµνε
µ
1ε

ν
2 (7)

Gauge invariance
Demands that

εν2∂
µMµν = εµ1∂

νMµν = 0 (8)

Mµ ≡Mµνε
ν
2 current that couples to the photon k1.
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A basic QED process: gauge invariance

Charge conservation requires ∂µMµ = 0:

∂µMµ = 0⇒
∫
∂0M0d3x =

∫
∇ · ~Md3x =

∫
S−→∞

~Md~Σ = 0

(9)
In momentum space, this means

kµ
1Mµ = 0. (10)

i.e. theory is invariant if εµ(k) −→ εµ(k) + f (k)kµ.

This is the standard Abelian gauge invariance associated to the
vector potential transformations:

Aµ(x) −→ Aµ(x) + ∂µf (x) (11)
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A basic QED process: gauge invariance

• Mγ is gauge invariant.

• D1 and D2 are NOT individually gauge invariant.

• Gauge invariance realisation independent of ε2 choice

• So Mγ is gauge invariant even for non-tranverse photons.

Homework: check that Mγ is indeed gauge invariant.
Use �qu(q) = v(q)��q = 0 from the Dirac equation

kµ
1 ε

µ
2Mµν = v(q)�ε2

1

�q −��k1
(��k1 −�q)u(q)

+v(q)(��k1 − q)
1

k1 − q �
ε2u(q)

= −v(q)�ε2u(q) + v(q)�ε2u(q) = 0
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A basic QED process: gauge invariance

• Mγ is gauge invariant.

• D1 and D2 are NOT individually gauge invariant.

• Gauge invariance realisation independent of ε2 choice

• So Mγ is gauge invariant even for non-transverse photons.

Homework: check that Mγ is indeed gauge invariant.
Use �qu(q) = v(q)��q = 0 from the Dirac equation

kµ
1 ε

µ
2Mµν = v(q)�ε2

1

�q −��k1
(��k1 −�q)u(q)

+v(q)(��k1 − q)
1

k1 − q �
ε2u(q)

= −v(q)�ε2u(q) + v(q)�ε2u(q) = 0 (12)
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From Abelian to Non-Abelian gauge invariance

√
generalize QED to a theory where ’electrons’ carry a non
Abelian charge: ’colour’

→ transform under a non trivial representation R of a
non-Abelian group G (typically SU(N) type)

Splash of GT

Current operator belongs to the product R ⊗ R. The only rep that belongs
to R ⊗ R for any R is the adjoint rep. So field that couples to colour current
must transform as the adjoint rep of the group G .

Generalization of photon field to non-Abelian symmetry is a set
of vectors fields transforming under the adjoint of G
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From Abelian to Non-Abelian gauge invariance

Simplest generalization of the coupling to fermions takes the
form:

a, µ

i , n k ,m

= igλakiγ
µ
mn (13)

matrices λα algebra of the group on the rep R :

[λa, λb] = if abcλc (14)

characterized by a unique set of structure constants f abc

Quark (q) fermion fields in R
Gluons (g) vector fields couple to the quark colour current
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Non-Abelian version of e+e− −→ γγ
Is qq −→ gg annihilation. Which diagrams?

q

q̄

k1, µ

k2, ν

Amplitude can be evaluated using λ matrices in Eq. (6):

i

e2
Mγ −→

i

g 2
Mg ≡ (λbλa)ijD1 + (λaλb)ijD2 (15)

with (a, b) colour labels (i.e. group indices)of gluons 1 and 2,
(i , j)colour labels of q, q, respectively. Using Eq. (14), we can
rewrite (15)as:

Mg = (λaλb)ijMγ − f abcλcijD1. (16)
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e+e− −→ γγ vs qq −→ gg

If we want the charge associated with the group G to be
conserved, we still need to demand

kµ
1 ε

ν
2Mµν

g = εµ1k
ν
2Mµν

g = 0. (17)

Substituting εµ1 −→ kµ
1 in (16) we get instead, using (12):

k1µMµ
g = −g 2f abcλcijv i(q)�ε2ui(q) (18)

The gauge cancellation taking place in QED between the two
diagrams is spoiled by the non-Abelian nature of the coupling of
quarks to gluons (i.e. λa and λb do not commute, and f abc 6= 0).
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Non-Abelian gauge invariance and new intn terms

Gluons are charged (i.e. they transform under the symmetry
group) so new interaction is possible! Factorize (18) as follows:

k1µMµ
g = i

(
f abcgεµ2

)
×
(
igλcijv(qγµu(q)

)
(19)

we can recognize in the second factor the estructure of the qqg
vertex. The first factor has the appropiate colour structure to
describe a triple-gluon vertex, with a, b, c the colour labels of
the three gluons:

= gf abcVµ1µ2µ3(k1, k2.k3) (20)
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qq −→ gg has an extra diagram!

Eq. (19) therefore suggests the existence of a coupling like (20),
with a Lorentz structure Vµ1µ2µ3 to be specified, giving rise to the
following contribution to qq −→ gg :

= −ig 2D3 = (igλaij)v(q)iγ
µu(q)j

(
−i
p2

)
= egf abcVµνρ(−p, k1, k2)εν1(k1)ερ2(k2) (21)

Q. Who is this Vµ1µ2µ3(p1, p2p3)?
R. LI, Bose symmetry and dimensional analysis uniquely fix V , up
to an overall constant.
Q. D3 in k1 · Mg cancels that of the first two diagrams?
R. Yes!
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Who is this triple gluon vertex (TGV)?

• Dim analysis fixes the coupling to be linear in the gluon
momenta: [A][A][A] = 3 but [TGV ] = 4

• So at most one derivative (i.e. one power of momentum)
inside TGV

• LI requires V built with gµ1µ2 pµ3

• Bose symmetry requires V to be fully antisymmetric under the
exchange of any pair (µi , pi)←→ (µj , pj) since f abc is totally
antisymmetric

Homework:
why?
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Who is this triple gluon vertex?

Unique and fully antisymmetric in all three indices, up to an
overall factor:

Vµ1µ2µ3 = V0[(k1 − k2)µ3gµ1µ2 + (k2 − k3)µ1gµ2µ3 + (k3 − k1)µ2gµ1µ3]

(22)

Set µ3 = µ, ε1 = k1, k3 = −(k1 + k2)

kµ1
1 εµ2

2 Vµ1µ2µ = V0[−(k1 + k2)µ(k1 · ε2) + 2(k1 · k2)εµ2 − (k2 · ε2)kµ
1 ]

(23)
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Non-Abelian gauge invariance

D3’s gauge variation:

k1 · D3 = g 2f abcλcV0

[
v(q)�ε2u(q) −

k2 · ε2

2k1k2
v(q)��k1u(q)

]
(24)

cancels the gauge var D1 + D2 for V0 = 1

vanishes for physical gluon k2 · ε2 = 0

D1 + D2 + D3 is gauge invariant (unlike QED) only for physical
external on-shell gluons.

M.E. Tejeda-Yeomans elena.tejeda@fisica.uson.mx Iniciación a la QCD 43/48

43/48



How about gg −→ gg?

With TGV we can induce process involving only gluons, such as
gg −→ gg :

+ + (25)

Story repeats itself:
Verify gauge invariance  need D4  4-gluon vx. LI, Bose
symm and dim analysis fix it uniquely.
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Gauge invariance and Feynman rules

= δab
−igαβ

p2 + iε

= δab
i

p2 + iε

= δik
i

p2 −m + iε

∣∣∣∣
mn

= gf abc
[
gαβ(p − q)γ + gβγ(q − r)α + gγα(r − p)β

]
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Gauge invariance and Feynman rules

= −ig2f xac f xbd
(
gαβgγδ − gαδgβγ

)

− ig2f xad f xbc
(
gαβgγδ − gαγgβδ

)
− ig2f xabf xcd

(
gαγgβδ − gαδgβγ

)

= igλakiγ
α
mn = − gf abcqα

M.E. Tejeda-Yeomans elena.tejeda@fisica.uson.mx Iniciación a la QCD 46/48

46/48



Gauge invariance and Feynman rules

3-and 4-gluon vertices arise from the Yang-Mills Lagrangian:

LYM = − 1

4

∑
a

F a
µνF

aµν with F a
µνF = ∂[µA

a
ν] − gf abcAb

[µA
c
ν]

(26)

Homework:
Why no (n > 4)-gluon vertex?

tree level: dimensional analysis +
locality of the couplings

loop level: renormalizability of
the theory
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3 lectures: three quarks for Muster Mark!
Lecture 1:

• QCD at the LHC

• Gauge invariance and Feynman rules for QCD

Lecture 2:

• Renormalization and running αs

• pQCD in e+e−-collisions: from partons to hadrons, jets, shape
variables

Lecture 3:

• pQCD in lepton-hadron collisions: DIS and parton evolution

• pQCD at the LHC

√
Overlap with other lectures is unavoidable.√
As with other things in life, the U and everything:

overlap is good :)
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