Appendix A

TABLE OF GENERAL PROPERTIES OF LAPLACE TRANSFORMS

fs) = f " e~ F(t) at

f(s) F(¥)

1. afi(s) + bfa(s) aFy(t) + bFy(t)

2. f(s/a) a F(at)

3. fs = a) out F(t)

4. e~ f(s) Ut —a) = {g'(t_“) :: Z

5. s fls) — F(0) F'(t)

6. s2f(s) — sF(0) — F'(0) F(t)

7. |s"fs) — s 1F(0) — sv 2 F/(0) — -+ — F&n=D (0) Fo(t)

8. () ~t F(t)

9. #1(s) 2 F(2)
10. fe(s) (~Dntn F(2)
11. i(;ﬂ fo " F(w) du
12. f—;j—) fot fot Flu) dur = ot Q(?L__L)ln)——!—lﬁ’(u)du
13, #(s) g(s) " P 66— au

0
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f(s) F(t)

14. f " ) du F()
1 fT
15. —— | e Fw) du F@) = Fit+T)
1—esTJ,

f(Vs) B S
16. . \/ﬁ fo e F(u) du
17. % £(1/s) f " 1, @vat) F) du

0
18. ey F(18) g2 f Cumnr g, (2Vat) F(w) du
R 0
t
19. ’1‘;’5}1—{& f Jo@Valt —0)) F(u) du
0
20. # fw w=3/2 ¢T84 f(y) du F(e2)
T Y

f(in 5) “ fu F(u)
21. slns 'fo r{u+1) du

P(S) S P(ak) oyt
22. Q(s) 1 Q)

P(s) = polynomial of degree less than =,

Q@) = (s—ads —ap) (s~ ay)

where aj,a9, ...,a, are all distinct,




Appendix B

TABLE OF SPECIAL LAPLACE TRANSFORMS
f(s) F(t)
1. 1 1
s
1
. 2. = t
l - _ ‘ tn—1 1 —
3. = n=123,... et O
1 fn—1
—_— >
4. sn n>0 T'(n)
5. 1 eat
s—a
1 - tn—1 gat ' —
6. rer R T i 1
1 tn—1 gat
>
7. (s — a)r n=>0 T'(n)
’ 8 1 sin at
' s2 + a2 @
9. po _T_ = cos at
lo 1 ebt Sin at
: (s —b)2 + a2 @
11. © _Sb)_2 l_"_ p ebt cos at
1 sinh at
12. F—a o
13. ﬁ cosh at
1 ebt sinh at
14. (s— b2 — a2 o
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246 TABLE OF SPECIAL LAPLACE TRANSFORMS :
f(s) F(t)
s—b -
15. G—b2—a? et cosh at
1 . ebt — gat
) 1 £b e e
16 —oe-n ° =
17. s iy bebt — qeat
(s—a)s—Db) N b—a
18. 1 sin at — at cos at
&2+ a?)2 o
19. 5 _ t sin at
(82 + a2)2 2a
20. s sin at + at cos at
(s2+ a2)? %a
21 8 ¢ — latsi
. TEPE cos @ et sin at
§2 — a?
22. g t cos at
23 _1 at cosh at — sinh at
) (82 —a?)2 %a3
s t sinh at
24, ooy 1
25 __s2 sinh at + af cosh at
: (s2 — a2)2 %0
3
26. (?217)2 coshat + lat sinhat
52 +a?
27. E—ap t cosh at
28 1 (8 — a2t2) sin at — 38at cos at
) (82+ a2)3 8a5
s t sinat — at? cosat
29. (s2+4 a2)? 8a3
30 §2 (1 + a2t?) sinat — af cosat
) (8% + a?)3 3a3
31. s 3t sin at + at? cosat

(82 +a?)?

8a
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f(s) F(1)
32 st (3 — a2t?) sin at + 5at cos at
. . (82 + a2)3 8a
33 g% (8 — a2t?) cos at — Tat sin at
) (s2+ a?)8 8
" 852 — a2 2 sin at
34. (s2+ a?)8 2a
S3 - 3@28 142
35. & +—_a,2)3 3zt cos at
st — 6aZs? 4 at 143
s T e L83 cos at
36. R 3
s3 — a2s t? sin at
37. (s2+ a2)4 24¢
38 1 (8 + a2t?) sinh at — 3at cosh at
. (82— a2)3 b
39 s at? cosh at — ¢ sinh at
. (82— a?)® 8a®
40 82 at cosh at + (@22 — 1) sinh at
. (82— a2)3 Q0°
41 s3 3t sinh at + a2 cosh at
' (s2— a2)3 8a
42 st (8 + a2¢?) sinh at + b5at cosh at
’ (s2— a2)? 8a
43 g5 (8 + a2t2) cosh at + Tai sinhat
* (82 — a,2)3 8
3s2 4 a2 2 sinh at
4. (s2 — a?)3 2a
s3 + 3a2s
45. m %tZ COSh at
st + 6a2s? 1 gt 148
46. i 413 cosh at
s3 4+ als 3 sinh at
47. (s2 — a2)* 24a
1 eat/2 f Vgat \[?; at 3
—_— i - —3at/2
48. P 07 1\/5 sin — cos—5— + e
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248
f(s) F()
s cat/2 V3at . V3 at :
5 : inYoY . g—3at/2
49. e 32 {cos 2+ V3 sin ) e~ 3 }
82 1/ _ V3at
‘ 50. prara 3 <e at -+ 2g0t/2 eog 5 >
1 e—ati2 © - V/Sat V3at
— 3at/2 __ ¥o2ar :
51. 35— a8 322 {6 ot/2 — cos 5 V3 sin 5 .
s e—at/2 . V3at V3 at
52. pr g 3a {\/é_ sin—g5— — cos—5 + e3at/2} -
_s® 1 t —at/2 @
53. i 3<ﬂ + 2¢7 /2 cos B
54 1 ——1-—(sin at cosh at — cos at sinh at)
N st + 4at 4a3
: 8 sin at sinh ai
55. st + 4at 2a2
| 56 | 2 1('nav,t osh at + cos at sinh at)
. st X dat z; S1 €08 S s
57.. 8 cos at cosh at
gt 4 dat
1 1, . .
58. prm—— 555 (sinh at — sin at)
59 8 —l—(cosh ai — cos at)
) st —at 2a2 i
60 s —1—(sinh at + sin at)
. st — gt 2a
61. o8 2(cosh at + cos at)
: st — g4 2 '
62 1 e—f}t — g—at
' Vsta+ Vst 2(b — a)Vrtt
3 1 erf Vat
63. sVsta Ve
64 1 e erfVat
| Vs(s—a) Ve
65 —i oot ] L peterse bVt)
: vVe—a-+b . \/;,E ,
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1(s) F()
1
66. v—m JO (a’t)
1
67. ﬁ Iy (at)
Vet a2 —
68. (—f%&i}"i n>—1 anJ, {at)
s2+a :
— 2 —g2\n
69. (s_______‘[____“____ ”:2“) n>—1 a1, (at)
§2—q
‘ eb(s—Vs2+a2)
70. m\/_?—a?—' Jolavi(t +2b)) .
- e~ bVsita? Jola/2—b2) t>b
o Vet a? 0 t<b
1 tJy(at)
72, e 1
(s7F a2)372 0
8
73. (2 T+ a2)32 tJo(at)
2
74. (—Sitl:s_amé Jo(at) — at Jl((lt_)
: 1 t1(at)
75. (2 — a2)3/2 e
4. s
76. w tIo(at)
2
77. T _sa2)3/2 Iy(at) + atly(at)
1 = e* = = < =
78T oD = e Fi)y=n, n=t<n+l =012 ...
See also entry 141, Page 254.
1 _ e——s _ [t] %
79. s(es—r)  s(1 —re%) F@ = ,El 4
where [t] = greatest integer =
’ ee—1 _ _1—e77 =m w=t<nt+l, n=01,2
80. = — s—re Fy=v, n=t<n+l n ;1,200
See also entry 143, Page 254.
81. e—als cos 2\/&
' Ve Vat
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f(s) F(t)
g2 e—als sin 2v/at
. 5372 7a
—als t n/2
83. e n>-l <;> Jn(2Vat)
84 e—aVvs e—at/4t
‘ Vs R
@ —a?
85. e—aVs e
2y ri3
86. 1;(;1_5_ erf (a/2V1)
—aVs
87. — erfe (a/2V/1)
88. __ﬂ_ ebWtta erfe (bt + —2—
Vs (Vs +1) 2Vt
89 iﬂ > —1 ;fmun e—u/4at J (2\/%) du
. PrES " Vatan+1J, 2n
s+a e—bt — g—at
90. n (s T b) 7
0. Rl s o Ci (a)
B
92, In [(s + a)/a] Ei (af)
s
93. ~{y+1ns) Int
8
v = Euler’s constant = .5772156. ..
82 + g2 2 (cos at — cos bt)
94. n <s2 + b2> £
95. fussd + (y +Insp? n2t
6s 8
vy = Euler’s constant = ,5772156. ..
96. Ins —(nt+7y)
8
v = Euler’s constant = .5772156. ..
97. In? s (Int+vy)? — g2

v = Euler’s constant = .5772156...
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f(s) F(t)
98. (n+ 1) ;nfgn +1)Ins 2> —1 nnt
99. tan—1 (a/s) ilf;_at
100. t—al‘.l;(“ﬂ Si (at)
101 ea/s ¢ ( 7 ) e_2m
. \/E eric V a/s | \/E
102. ¢4 orfe (s/2a) 29 a2
T
32/4 2
" 103. e_igt;fc(_s/Za) erf (at)
104 ess erfe Vas 1
Vs Vit +a)
105. e Ei (as) ?ﬁ
1 T s s . 1
106. o [cos as {2 Si (as)} sin as Ci (as)] P
107. sin as {% — 5i (as)} + cos as Ci{as) EJW
108. €OS s %— Si (as)} — sin as Ci (as) |
. tan—1 (t/a)
109. sin as {% — Si (aé) + cos as Ci{as) 1 Pt
s g a?
- 2
1o. | - [g — s (as)jl + Ci2(as) Ly (’““2)
t a2
111 0 N(t)
112. 1 5(t)
113. e as 5(t — a)
114, e;“s U(t — a)
See also entry 139, Page 254.
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#(6) " F(t
1S, ;S;%i% .% + -72;1121 (—nl)" sin 228 cos?_"lf
116. sszfols% ;:él z(;i)ﬁ <in (22 -2—a1)7rx G 27 ;anﬂt
117. %% %4— %ngi%l—)icos%gsinngt
e S so5a P A S U e, D
119. Sinhss CN )~ LG L O

n=1 «

120. 5‘%‘% o + 87023:1 (2(7:):)2 o (2 ;a}m cos (2n.éa¥)_w_f
121. %ﬁ}fﬁ; % n %él (—n12)n cos "% <1 B cosn_gt>
122. g‘zg%so—};}% ¢+ %g‘. él (2(71*i);)2 cos (22 ;an gin (27 ;al)wt
124. Ssj:—}};j\\//—_f %72{ 121 (—1)nn e—n2w2t/a? gin ”_Z‘f_
125. cc(:)ss};l——z://——_sg ?:—2 ”gi (—1)n—1(2n — 1) e~ (2n—1?m2/a? cog (2n ;a.l)mc
126. v—% (_21 rél (—1)n—1 g~ (2n—Dn2t/4a2 iy (2n —z-al)mc
127. e L2 (apremeri s 27
128. —ss—:ilr%% % + .72; n§1 ED® remrerae g 2T
129. % i+ é ngl 2(7:1)711 ¢~ (2n—1>Pm2t /402 (g (2n gal)w—x
130. fi‘g‘g\f/——g %t + 2:52 ngl (mn?n (1 — e—n*wt/a%) gin %—x—
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f® F(t)
132 Jo(ixVs) 1 — 3 i e~ Mt/a? J o (A ,x/a)
' ] Jo ('L'a/\/g) n=1 )\'n, Jl (An)
where Aj, Ay, ... are the positive roots of Jo(A) =0
Jo(i2\/3) - w g ME T (A xla)
133. oliaVs) ia2—a?) + t + 20 3 - 0\ n
§2 Jy(iaVF) n=1 AT ()
where Ay, As, ... are the positive roots of Jo(A) =0
4 Triangular wave function
1 as Feo
134. v tanh <E> 1
0 2a da 6a ‘
Square wave function
F(t)
1_
135. i—tanh <%> g i : | !
Ea i 2a ; 3a :4a :Lf)m t
14 1 ) :_j [A—
Rectified sine wave function
F(t)
T as 1
136. Py coth <2 >
0 a 2a 3a t
Half rectified sine wave function
F(t)
T
137. PTG ——y 1 /\ /
a 2a 3a 4a !
Saw tooth wave function
F(t)
1w -
- v 1 ///
|
' | | |
v ‘
a 2a Sa 4a
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f® F(t)
Heaviside’s unit function U({ — @)
F(t)
e—as 1 '
139. p 1
I
See also entry 114, Page 251, 0 ] P
a
Pulse function
F(&)
140, emell = e7) ! ]
. 8 | |
| |
0 7 P t
Step function
F(t) :
3| e
14} 1 }
* s(1 — e—as) 27 -
| P P
See also entry 78, Page 249.
0 T T T T t
a 2a 30 4a
Fty=n, n=t<nt+l, n=01L2...
F(t) !
4  ——
142. et e 3 |
8(1 - 6_5)2 2 ]
i
1 —
0 | T T ¢
1 2 3
Fty=rm xn2=t<n+l n=012...
F(t) |
143 1—e7s " i
’ s(1 — re~s) !
[ A
See also entry 80, Page 249.
¢ 1 ; ; ‘
i ==
F(t) = {sm (rtla) 0=t=a
0 t>a
— F(t)
ra(l + e—as)
144, o .




Appendix C

TABLE OF SPECIAL FUNCTIONS

1. Gamma function

T'(n)

.
f ur—le—v dy, n>0
0

2. Beta funetion

B (m., n)

S

1

wm—1 (1 — wyn—1 du I'(m) T(n)

Tim+ny’

m, n>0

3. Bessel function

Jplxy = d

22T (n+1) {1

— _._f...__ + awt —
2(2n + 2) 24(2n + 2)(2n + 4)

4. Modified Bessel function

ntd

L) = nJ,(a) S D AP R @ TN
" " 22T+ 1) 22n+2) © 2-42n+2)2n+4)
5. Error function .
2
erf () = ———f e v dy
Vr Yy
6. Complementary error function
erfc(t) = 1 — erf(t} = 2 f e~ ¥ dy
Vo Jy
7. Exponential integral "
Ei(t) = f e du
t u
8. Sine integral .
si) = f ERY gy
‘ 0
'9, Cosine integral
Ci(t) = f cosu g,
J, n
10. Fresnel sine integral .
S = f sin u2 du
0
11. Fresnel cosine integral .
City = f cos u2 du
o ‘
12. Laguerre polynomials
et dn
Ln(t) it —{,[ (tne_t)) n = 0, 1: 21 ..
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