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All static circularly symmetric perfect fluid solutions of 2 +1 gravity

Alberto A. Garca* and Cuauhtemoc Campuzano
Departamento de Bica, Centro de Investigaaioy de Estudios Avanzados del IPN, Apartado Postal 14-740, 070R@MBF, Mexico
(Received 5 November 2002; published 27 March 2003

Via a straightforward integration of the Einstein equations with a cosmological constant, all static circularly
symmetric perfect fluid 2 1 solutions are derived. The structural functions of the metric depend on the energy
density, which remains, in general, arbitrary. Spacetimes for fluids satisfying linear and polytropic state equa-
tions are explicitly derived; they describe, among others, stiff matter, monatomic and diatomic ideal gases,
nonrelativistic degenerate fermions, incoherent and pure radiation. As a by-product, we demonstrate the
uniqueness of the constant energy density perfect fluid within the studied class of metrics. A full similarity of
the perfect fluid solutions with a constant energy density of thel2and 3+ 1 gravities is established.
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[. INTRODUCTION In 3+ 1 gravity, spherically symmetric perfect fluid met-
rics have been studied as candidates to model stars and ce-
In the last two decades a number of researches have betstial configurations. Long since, in spite of the great
developed in 2- 1 gravity: the search for exact solutions, the amount of work done in this direction, even in the static case
quantization of fields coupled to gravity, topological aspectsthe achievements made so far occur to be highly modest,
black hole physics, and so on. The literature in this respect imainly for lack of a general procedure to solve the nonlinear
extremely vast, for references on related works, see[Rgf.  Einstein equations coupled to fluids governing the problem.
In the framework of exact solutions, from the beginning Few exact physically interesting solutions can be listed:
until now, attention has been focused on the search and tremong them, the Schwarzschild perfect fluid solution and the
study of physically relevant solutions and models with Tolman dust mode]22]. Most of the solutions to the men-
sources: for instance, stati¢-body space$2—4], static and tioned equations lack deep physical interpretations; for origi-
stationary metrics coupled to electromagnetic figlls10], nal sources sef23]. There is no general 81 solution for
scalar-dilaton field§11], cosmology[12], perfect fluidd13—  general linear or polytropic state equations; in these cases
17], among others. one has to use numerical technigues to derive numerical re-
We believe that the physical relevance of 2 solutions  sults.
consists in the fact that they may provide a link or correspon- On the contrary, in the static21 case one is able to
dence with solutions or physical aspects of the relevant 3letermine, and this is the purpose of this paper, all static
+1 gravity theory. For instance, the +2L Barados- circularly symmetric spacetimes with the cosmological con-
Teitelboim-Zanelli(BTZ) black hole solution has been dem- stant coupled to perfect fluids with and without zero pressure
onstrated to be a dimensional reduction of B Plebaski-  surfaces. In this context, some progress has been previously
CartefA] spacetime [18]. Moreover, recently we achieved. Cornish and Frankgl5] derived all universes
demonstrated that conformally flat stationary axisymmetricobeying a polytropic state equation. Nevertheless, since their
spacetimes allow for a branch of metrics which can besolutions were derived for zero cosmological constant, there
thought of as the produdtxX BTZ [19]. It is worth mention-  is no way to determine a zero pressure surface. Hence these
ing that the structur& <X BTZ with specific structural func- solutions extend to the whole spacetime, and consequently
tions also has been found in the description of black holes othey are cosmological solutions. On the other hand, Cruz and
braneq 20]. Concerning 2- 1 gravity coupled to perfect flu- Zanelli[16] established some consequences arising from the
ids, the results reported 4] are remarkable: homogeneous hydrostatic equilibrium Oppenheimer-Volkov equation, and
isotropic Robertson-Walker cosmologies and the sphericalerived for this equation a single solution for constant energy
star models, where comparisons to results predicted by thdensity; it should be pointed out that the expression of their
corresponding Newtonian theory were carried out. Incideng,-metric component has a misprint which is corrected in
tally, the Einstein equations for-31 and 2+1 Robertson- this work. By the way, we demonstrate here that the perfect
Walker cosmologies for a linear state equation can be solvedluid solution with constant energy density is the only con-
in general[21], therefore one can establish a full correspon-formally flat—in the sense of the vanishing of the Cotton
dence between solutions determined for these different ditensor[24]—circularly symmetric solution. These analytical
mensions; of course, their physical content depends on theesults, in our opinion, can shed some light on the search of
dimension, such as, for example, & 2 radiation-dominated other physically meaningful perfect fluid solutions of the 3
universe is equivalent to-81 dust-filled space, in agreement +1 gravity even when numerical methods are used.
with [14]. In Sec. Il, by a straightforward integration of the Einstein
equations, we derive the general solution for the static circu-
larly symmetric 2-1 metric with a cosmological constant
*Electronic address: aagarcia@fis.cinvestav.mx coupled to a perfect fluid solution with variable density
TElectronic address: ccvargas@fis.cinvestav.mx and pressure.
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Section Il is devoted to represent this whole class of r2 d?2N 1 dN dG?
spacetimes in a canonical coordinate system. For a given Gyo= — GZ—2+——— =r2(kp—N\).
equation of state of the fornp=p(p), certain particular N dr 2 dr dr
families of perfect fluid solutions are derived; as concrete )

examples, the subcases of fluids obeying the linear paw
=vyp, and those fluids subjected to a polytropic law
=C p” in detail are derived.
In Sec. IV, from the Oppenheimer-Volkov equation cer-
tain properties of the studied solutions are established, for d?2N dN/dG G
instance, for positive pressung and positive densityp, —2+—< ): ,
obeying a state equatigm=p(p), a microscopically stable dr dr
fluid possesses a monotonically decreasing energy density,
and vice versa. . i(E d_N) _ @)
In Sec. V, to facilitate the comparison of the interior drir dr '
Schwarzschild 3-1 solution with the cosmological constant, ] ] ] ]
the perfect fluid 2-1 solution with p=const is derived. Which will be extensively used throughout this paper.
With this aim in mind, we search for an adequate represen-
tation of the corresponding structural functions and related!l. 2+1 PERFECT FLUID SOLUTION WITH VARIABLE
guantities of these 81 and 2+ 1 spacetimes. A comparison p(r)
table is presented. Via a dimensional reduction of the interior
Schwarzschild with\ solution, the perfect fluid 2 1 solu-
tion with constanfp is obtained.
Finally, we end with some concluding remarks.

Notice that the combination of the Einstein equations
r2G2G,, — G,,=0, for N(r)#const, gives rise to an impor-
tant equation:

dr r

In this section, we derive the most general static circularly
symmetric solution via a straightforward integration of the
Einstein equations wittx for a perfect fluid. It is easy to
establish that the structural functio@r) andN(r) can be

o ) o _ integrated in quadratures.
Einstein equations for 241 static circularly symmetric perfect IntegratingG,,, Eq. (3), one arrives at

fluid metric

As far as we know, in most of the publications dealing G(r)%= —)\rZ—ZKfrrp(r)drEC—)\rZ—ZKJrrp(r)dr,
with the search of perfect fluid solutions int2L gravity— 0

see, for instancd13,15,16—the energy-momentum conser- (5)
vation, i.e., the Oppenheimer-Volkov equation, has been used ) ) ) ) ) )

as a clue to obtain the desired results. On the contrary, w&hereC is an integration constant in which we have incor-
prefer to solve directly the corresponding Einstein equationgPrated the constant value of the integral at the lower inte-
in such a case the energy-momentum conservation equatiof&tion limitr=0, thus the remaining integral depends on

hold trivially. the upper integration limit; we use ther notation for the
The line element of static circularly symmetric+a ~ UPPer integration limit as well as to denote the integration
spacetimes, in coordinatésr, 6}, is given by variable. This convention will be used hereafter. From the
’ Y second relation of Eq4), one obtains
dr?
ds?= —N(1)2d+ —— +12d6? ) aN_ ©)
G(r) dr - "Gy’
Notf that we are using units such that the velocity of lightarefore
c=1.
The Einstein equations with the cosmological constant for ror ror
a perfect fluid energy-momentum tensiy;,, N(r)=n1f0%drzn0+ nlf mdf- (7)

R _l4 R= _
Gab=Rab™ 202pR=xTap~ Ao, The evaluation of the pressupér) yields

Tap=(P+p)UaUp+P Gap, ua:_Naéw 1
Kp(r)=W[an(r)+>\N(r)]- ®
R=2kp—4kp+6A\, 2
for the metric(1) explicitly amount to The metric(l_), with G(r) from Eq._(5),. andN(r) from .
Eq. (7), determines the general static circularly symmetric
N2 d G2 ) 2+ 1 solution of the Einstein equatiori8) with \, positive
0= "5 g N (kPR or negative, for a perfect fluid, characterized by a pressure
given by Eq.(8), and an arbitrary densitg(r). The fluid
1 dN 1 velocity is aligned along the timelike Killing directiaf . In

the derivation of the obtained solutions no positivity condi-

Gr= < = =—(kp—\),
TN dr g2 tions were imposed, thus these fluids allow for negative
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and p. Nevertheless, to deal with realistic matter distribu- ) dr? -

tions one has to impose positivity conditions on the density, ds?=—dt?+ . +r2de (11
p>0, and the pressur@>0, requiring additionally thap C—2Kf rp(r)dr

>p.

For a finite distributed fluid, the pressupebecomes zero
at the boundary, say=a; this value of the radial coordinate
r is determined as a solution of the equatjmin)=0.

For a nonvanishing cosmological constant, assuming that
the values of the structural functions at the boundara
are N(a) and G(a), the vanishing at =a of the pressure In this section we show that an alternative formulation of
p(r), given by Eq.(8), requiresn;=—\N(a)/G(a), hence  our general solution can be achieved in coordinéte, 6}.

Indeed, from Eq(6) for the derivative of the functiofN, in
which we are including—without any loss of generality—the
[N(r)G(a)—N(a)G(r)]. (9) constantn; (N/n;—N,n;t—t), one obtains

for any density functiorp. Of course, the choice gb is
restricted by physically reasonable matter distributions.

IIl. CANONICAL COORDINATE SYSTEM {t,N, 6}

N
P~ Nn6@
dN dr
—_—= (12
If one is interested in matching the obtained perfect fluid r G(r)
metric with a vacuum metric with cosmological constant
the plausible choice at hand is the anti—de Sitter metric, wit
A=—11%, see Sec. IV, for which G(a)=N(a) N
=—M_+a?%/I? at the boundary =a. Incidentally, for a r2=Co+ Zf GdN. (13
nonzero cosmological constant, there is no room for dust.
The zero character of the pressure yields the vanishing of they qerive G as a function of the new variabl, one uses
d_enS|ty, and _Consequently the metric describes(@m¢i—)de Gy, Eq.(3), in the form
Sitter spacetime.
The structural functions3(r) [Eq. (5)], N(r) [Eg. (7)], G dG=—(kp+\)rdr=—(xkp+\)GdN; (14
and the pressurp(r) [Eq. (8)] for any given densityp(r)
determine the general solution of thet2 Einstein equa- therefore, one gets
tions with\ coupled to a perfect fluid for the general metric
(1). As particular branches of solutions, we shall derive the
solution for the static dust distribution, and as well general
solutions for fluids obeying linear and polytropic state equa-
tions. For a constant density distribution, we show that theSubstituting this functiorG into the expressiort13) for r,
corresponding solution exhibits the same physical propertie@ne has
as its 3+ 1 counterpart with the cosmological constant, de- NN
talls_are given Sec. V One can guess that solutions governed H(N):=r2=Cy+2C,;N—\N2— ZKJ J p(N)dNdN.
by linear or polytropic state equations should behave like
their 3+1 relatives, of course, having in mind physical con- (16)
tent modifications due to the change of dimensions in a simi-
lar fashion, as this takes place in the relationship betwee
2+1 with 3+1 isotropic cosmologies. Nevertheless, since
most of the perfect fluid solutions of the kind we are inter- 2
ested in are numerically defined, the establishing of corre- ds?>=—N2dt?+
spondences becomes a difficult task; considerations in this H(N)
respect are Ie_ft for a future _work. . ¥vhich is characterized by pressure
For vanishing cosmological constant, the expression o
the pressuré8) is

rpence

N
G(N)=C1—)\N—KJ p(N)dN. (15)

inally, our metric in the new coordinaté¢s N, 8} amounts

+H(N)d#?, (17)

NP Rl NPT 18

PN=—"5"n/ P(NAN, (18
G(r)

KDUFMW, (100 and an arbitrary energy densit¢N) depending on the vari-

ableN; for physically conceivable solutions, both functigns
andp have to be positive.
from which it becomes apparent that the corresponding so- The metric(17) together with the functiorH from Eq.
lution represents a cosmological spacetime; there is no su(16) give an alternative representation of our general solu-
face of vanishing pressure. tion. This representation will be used to derive particular
For vanishing\ and zero pressure, the situation slightly solutions for a given state equation of the fopw p(p). In
changes: the functiohl becomes a constant, and the corre-this approach the expression of the press(i® plays a
sponding metric can be written as central role.
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For a completeness and checking purposes we include tref definition of its coordinates, and hence it does not exhibit
Einstein equations for perfect fluid and cosmological con-a singularity at the origim=0 of the coordinate system. To
stant for metric(17), considering the functiof as an arbi- avoid any confusion in determining the existence of singular
trary one. There are only two equations governing the probsets of points, one commonly uses the general procedure of
lem, namely, studying the behavior of the geodesics of test particles and

) light rays to establish their incompleteness.
d H=—2)\—2Kp(N), (19

Gy:—
“ dN? A. 2+1 perfect fluid solutions for a linear law p=yp

dH Although in the previous section we provided the general
GNN:d_N: —2AN+2«Np(N). (200  solution to the posed question of finding all solutions for the
circularly symmetric static metric in21 gravity coupled to

. L . a perfect fluid in the presence of the cosmological constant,
Itis well known that the vanishing of the Cotton tensor in ¢y, the physical point of view, even in this lower dimen-

three dimensions determines locally the class of conformallyjqna) spacetime, it is of interest to analyze certain specific
flat spaces, in the same fashion as the vanishing of the Wey,qe5  for instance, the solution corresponding to a fluid

tensor srllngles Icmt.conf?rg]allcy flat spaces in higher d'me”'obeying the lawp=yp, or the more complicated case of a
sions. The evaluation of the Cotton tensor polytropic lawp=Cp”.

o - 1 The starting point in the present study is the linear relation
==L,y L,o=Ruvo—30,,R 21 .
Cuve ptviolr Luro=Rune=50uRq (2 between pressure and energy density,
yields only two independent nonvanishing components p(N) = vp(N) 23)
1 ,dp
Cun=— ZKN aN’ Substitutingp(N) from Eq. (18) into this relation, one gets
1 dp C, N

Therefore, from the above relations, we conclude that theyitterentiating this equation with respect to the variable
perfect fluid solution withp = const for static circularly sym- e optains

metric spacetimes is unique. This result can be stated as a

theorem: The perfect fluid solution with constamtis the d 1

only conformally flat static circularly symmetric spacetime —(Np)+ —(Np)=0, (25)

for a perfect fluid source with or without the cosmological dN YN

constant. It is worth noting the similarity of this theorem

with the corresponding one formulated for the interior which has as the general integral

Schwarzschild metric, sef25,26). We shall return to this

spacetime in Sec. V. y
Moreover, returning to the original metrid), one sees p(N)=C,

that the coordinate transformation to the metfi@) can be

accomplished if the Jacobian of the transformatidn

=det(@x/dx')=G(r)/r#0. On the other hand, for a given where C, is an integration constant. Since we arrived at

metric the existence of black holes is associated with the(N), Eq. (26), through differentiation, one has to replace

possibility of determining their event horizons; in the presentthe obtained result into relatiq24), or equivalently into Eq.

context, a surface=const determines an event horizon if its (23), to see if there arises any constraint from it:

normal V,r becomes a null vector, i.eV,rv#r=g"=0,

which in its turn impliesG(r = constj=0. Thus, the consid- cC, 1

ered coordinate transformation can be accomplished at all P(N)=——= 5 T rP(N)=7p(N)—C,=0. (27

points of the studied spacetime except for points belonging

to the event horizon. It is worthwhile to mention that the .

roots r=r,,i=1,2, ..., if any, of theequation G(r)=0 In s'uch a manner, we have gstabllshed that the. conStant
could define singular  spacetime hypersurfaces’@nishes. Replacing the functipiiN) from Eq.(26) into the
r=r,=const—inner horizons—internal with respect to the EXPression forH(N), Eq. (16), and accomplishing the inte-
event horizon—the outer horizon—we are dealing with. As9"ation, one arrives at

far as the existence of singularities is concerned, one cannot

N*(7+1)/7, (26)

,y2

express a general statement in this respect; each family of H(N)=Co—AN?+2kC,N~D/r=r2, (28)
solutions has to be treated in its own right. For instance, the
perfect fluid 2+1 analog to the interior 31 perfect fluid Thus, the metric for a perfect fluid fulfilling a linear state

Schwarzschild solution is regular everywhere in the domairequation in coordinate,N, 6} is given by

064014-4



ALL STATIC CIRCULARLY SYMMETRIC PERFECT . .. PHYSICAL REVIEW D 67, 064014 (2003

dN2 whereB is an integration constant. Entering thisinto Eq.
ds?=—N2dt?+ (31), taking into account that the integral of the dengity
Co—AN?+2kC,NO~ DY amounts to
+(Co— AN?+2kC,NO~ D7) d g2, (29

ij(N)dN=—de[B—C_l’VN(V_l)/V]V/(V_l), (37
To express this solution in terms of the radial variahlene
has to be able to solve the algebraic equat8), in general
a transcendent one, foé=N(r).

The evaluation of the Cotton tensor leads to two indepen-

one arrives at

A n, C
dent nonvanishing components: p(N)= 71 Wl +Cp?=Cp?—C,=0. (39
k(=1 o _ o
C”N:CZZ 3 N~ Considering that the first integral ¢f is given by Eg.
Y (37), the expression of the structural functibifN) becomes
K (Y1) 2 N —Uyn(y= 1)yl (y—1 2
Comn=Cog —— N-@ridivg H=Cy—AN +2Kf [B—C YNO-DI(y-DgN=r2,
Y (30 (39)

Some examples of physical interest are described by th%Iotlce that the mentioned integral can be expressed in terms

treated state equation, for instance: dyst0; stiff matter, Gf hypergeometric functions; hence,

y=1; pure radiation,y=1/2; and incoherent radiationy
=1/3, according to the terminology in use. The reader may H(N)=C,—\N?+2xB"(r" DN F( [L'_ L}
encounter details ifi27]. y-1" y-1
Y _ _ _
B. 2+1 perfect fluid solutions for a polytropic law p=Cp?” [m +1|,N0~ V1B l). (40)
This section is devoted to the derivation of all solutions
obeying the polytropic law Summarizing, in the case of a polytropic equation of state,
the general solution is given by the met(it7) with H(N)
p=Cp”. (3D from Eq. (39), and is characterized by energy density and

pressure of the form

Using again the expression p{N) from Eq.(18), the above
olytropic relation can be written as 1

polytrop p:N[B_C*1/7N(7*1)/7]3’/(7*1),

Ci N
7_j p(N)AN=C Np”(N). (32) p:C—llyN—l/y[B_C—uyN(y—l)/y]l/(y—l)_
(41
Differentiating with respect td, one obtains
Incidentally, for zero\, the derivation and study of static
d circularly symmetric cosmological spacetimes, coupled to
—p=Cy(Np"), (33 perfect fluids fulfilling the polytropic law, was accomplished
in [15], where Robertson-Walker cosmologies have also been
discussed.
The nonvanishing independent components of the Cotton
tensor(21) are

which, by introducing the auxiliary functiod=N"p, can
be written as

1
d(Z7"h+ =d(NO~ D)=, (34) 1, (e -
C CttN:ZKNZW[Cl—C UyNG=Divyy=1),
therefore
d2
C =K — [C.—C VN~ VIm¥(y—1),
d[(p7_1+£ NO-Dlv| =0, (35) PN 4 gM)sz[ ' ]
¢ (42)
Consequently, the general integral of the studied equation These polytropic fluids contain, amongst others, certain
becomes physically relevant samples: nonrelativistic degenerate fer-
mions, y=2; nonrelativistic mattery=3/2; and monatomic
p=C VNV B-C YNO~ VMU= (36)  and diatomic gases.
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IV. OPPENHEIMER-VOLKOV EQUATION

Although when Einstein equations have been fulfilled, th
energy-momentum conservation law trivially holds, it is of

interest to establish certain properties arising from the

Oppenheimer-Volkov equation; see, for instand#] in 2
+1 gravity. An alternative derivation of this equation con-
sists in differentiating the Einstei@,, , Eq.(3), with respect
to r; this yields

&

(43
Substituting the second derivatidéN/dr? from Eq.(4), and
the first derivativedN/dr from the G,, equation into Eq.
(43), one arrives at the Oppenheimer-Volkov equation

d®N 1
ar? N

GZ
rN

GZ

d dG?
p r)+

Ka=

1 dN

dN
dr

dp

dr (44

r
== E(KP—R)(pﬂL p).

At the circler =a of vanishing pressurp(a)=0, the pres-
sure gradient amounts to

dp _\a
dri,_, G(a)?

p(a). (49)

Since inside the circle the pressure is positpé,<a)>0,
hence at the circle=a the pressure gradient has to be non-

positive; consequently the cosmological constant ought to b

negative A = —112<0. We shall continue to usk instead
of —1/12, keeping in mind thak is a negative constant.

PHYSICAL REVIEW D 67, 064014 (2003

For our general solution in coordinatés N, 6}, metric
(17), from the expressionil8) for the pressure, one estab-

eIishes

d

p 1 dp
%——N(Mp)/m,

(49)
therefore the density is monotonically decreasimip/@N
< 0) if the matter is microscopically stabld/dp=0), and
vice versa.

Moreover, our fluids, fulfilling the state equatiqr= yp,
v>0, as well as those obeying the polytropic law Cp?,
C>0,y>0, are microscopically stable fluids.

V. 2+1 PERFECT FLUID SOLUTION WITH CONSTANT p

As we demonstrated in Sec. Il, for constanthe Cotton
tensor vanishes, and consequently the corresponding confor-
mally flat space occurs to be unique.

In this section it is shown that one can achieve a full
correspondence of the metrics and structural functions for
constant energy density perfect fluids int2 and 3+1
gravities. By an appropriate choice of the constant densities
and cosmological constants, via a dimensional reduction
(freezing of one of the spatial coordinates of the B space-
time), one obtains the 21 metric structure from the 81
solution. To achieve the mentioned purpose, the conformally
flat static spherically symmetric perfect fluidt3L solution
with the cosmological constant is presented in a form which
allows a comparison with the static circularly symmetric per-
Eect fluid with the\ term and constani of the 2+ 1 gravity.

In the canonical coordinate systedt,N,6}, for p
=const, the metric, the expression of the functidnwhich

The definition of the mass contained in the circle of radius" 1tS turn establishes the relation to the radial coordimate

a is given by

M=:27rfap(r)rdr, (46)
0

and since the metric componerdgs =1/G(r)? have to be
positive in the domain of definition of the solution, there
exists an upper limit for the mass, namely,

aa
Ms;(c—va). (47

Assuming that a state equatipri=p(p) holds, the matter
content is said to be microscopically stabledip/dp=0.
Since Eq.(44) can be written as

dp

3 (49)

! N (ot )PP
= kPN

one concludes that for a microscopically stable fluid with
positive pressurp and positive densityp, this density occurs
to be monotonically decreasingp/dr<0. Moreover, the

physical requirement that the speed of sound is less than the

velocity of light imposes an upper limit otip/dp=<1.

and the pressure are given by

2

dN
d32=—N2dt2+?+Hd02, (50)
H=Cy+2C;N—(\+kpo)N?>=r2,
(51
I 52
P==pot - (52

This unfamiliar looking solution can be given in terms of the
radial variabler by expressingN as function ofr, N
=N(r).

Having in mind the comparison of the+2l constantp
perfect fluid with its 3+ 1 relative—the Schwarzschild inte-
rior solution—we shall derive it from the very beginning by
integrating the Einstein equatiof) in coordinatet,r, 4}.

For p=const, the integral of Eq5) gives

G(r)= \/C—(Kp-l-)\)rz.

SubstitutingG(r) from Eg. (53) into Eq. (7), one obtains

(53

ng

N(r)=no— N+ kp

G(r), (54)
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which can be written abl(r)=C;+ C,G(r).
The evaluation of pressumg(r) from Eq. (3) yields

1
kp(r)= W[MKPG(FHHO?\(KPH\)],
(55

this pressure has to vanish at the boundana, which im-
poses a relation on the constamg= —n;xpG(a)/[\(xp
+\)], whereG(a) is the value of the functios(r) at the

boundary, i.e.G(a) is equal to the external value for the

G(r) corresponding to the vacuum solution phusA similar
comment applies tdN(a). Replacingny in Eq. (54), the
function N(r) becomes

N(r)=—%[,<pe(a)+xe(r)]. (56)

A(

Evaluating N(r) at r=a, one comes
—AN(a)/G(a). ConsequentlyN(r) amounts to

to n]_:

N(r)=G N(a)

W[KPG(EI)H\G(Y)]- (57

Substitutingng, nq, andN(r) into Eg. (55), one gets

G(a)—G(r)

kpG(a)+NG(r)’ (58

p(r)=p\

Summarizing, the studied perfect fluid for the metdcis
determined by structural functior@(r) from Eq. (53), and
N(r) from Eg. (57), and characterized by a density
=const, and pressurggiven by Eq.(58).

The g= —N? metric component, wittN from Eq. (57),
corrects the corresponding one, reported in RES).

A. 3+ 1 conformally flat static spherically symmetric perfect
fluid solution

PHYSICAL REVIEW D 67, 064014 (2003

Since we are interested in conformally flat solutions, we
require the vanishing of the conformal Weyl tensor, which
for static spherically symmetric spacetime leads to the fol-
lowing equation

G2-1
r2

d

dr

=0—>G(r)=\/1+cor§. (60)

On the other hand, from th@&;; equation, one arrives at

G(r)=V1-3(kp+N\)r? (61)

therefore, comparing with Eq(60), one hascy=—(kp
+\)/3—p=const. Hence, the solution constructed under
this condition would correspond to a perfect fluid wigh
=const, named incompressible fluid by Adkral. [28].

Moreover, fromr?G2G,, —G,,=0, taking into account
the form of the functiorG from Eq.(61), the general expres-
sion forN(r) is

N(r)=C,+C,G(r). (62)

The evaluation of the pressuge from the G,, equation,
yields

1
Kp(r)= SN—(r)[Cl(Z)\_ kp)—3CokpG(r)], (63

whereG(r) andN(r) are determined in Eq$61) and (62),
respectively.

This result can be stated in the form of a generalization of
the Guses and Grsey theoreni29] to the case of nonzero
\: the only conformally flat spherically symmetric static so-
lution to the Einstein equations with the cosmological con-
stant for a perfect fluid is given by the metri69) with
structural function€s(r) andN(r) defined, respectively, by
Egs. (61) and (62). Moreover, replacing in the metri9)

In this section we review the main structure of the interiorSir’é by sintfé and by 6%, one obtains, respectively, the
perfect fluid solution in the presence of the cosmologicalPseudospherical and flat branches of solutions.

constantA—the interior Schwarzschild metric with—for
the 3+ 1 static spherically symmetric metric of the form

2

ds?=—N(r)2dt?+ +r2(d6?>+sirfed¢?). (59)

G(r)?

The constant€,; andC, are determined through the val-
ues of structural functions at the boundary a, where the
pressure vanishep(r=a)=0; they are

Co—3C G(a) Coe N(a) 2\—«p 64
e 2KpZ)\—Kp' 272G(a) At+kp '’ (64

The Einstein equations for a perfect fluid energy-momentum
tensor in four dimensions have the same form as those iwhereG(a) is the value of the functio®(r) at the bound-
three dimensions, E@2), except for modifications due to the ary r=a, i.e., G(a) is equal to the external value &(r)

change of dimensionality, namely, the expressiorRafow

corresponding to the vacuum plussolution. A similar com-

amounts toR=—«kT+4\N=«kp—3kp+4N. Because the ment appliestiN(a). We shall return to this point at the end
corresponding equations can be found in textbooks, we dof this section.

not exhibit them here explicitly; we include them for refer-

ence in the Appendix.

Substituting the expressions 6f andC, into Eqg. (62),
one has
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TABLE |. Perfect fluid solutions with constant energy density.

341 solution

2+ 1 solution

dr?
ds?=—N2dt?+ o +12(d 6+ sinfed¢?)

2412 dr2 24 p2
dSZZ_N dt+—2+r do
G

G2=1-(kp+N)r2 G?=C—(kp+A)r?
1 N(a) 1  N(a

N= Slp i) G(a) L3KPC(@)F(2A = kp)G(r)] = (ep ) G(a) KPR FAG(N)]

B G(a)—G(r) B G(a)—G(r)
P()=p(2N=KP) 3 G @) T (2h— 1p)G() P(D=PN G @ TG ()
Kottler anti—de Sitteh=—1/?

2 _ 2.

G(a)2=1—27m—%)\r2; G(a) =—M_—\a*;
2m= kpa®/3 C=«kpa’—M,>0
N(a)=G(a) N(a)=G(a)

2N K4ps—6N3,K4ps—2K3p3

G4(r)—Ga(r),Na(r) —N3(r), kapa(r) —2x3ps(r)

N(a) ture corresponding to perfect fluid solutions with consjant
N(r)= W[3KPG(3)+(27\—KP)G(U]- in 3+1 gravity with the structure of the 21 perfect fluid
(65)  solution, one arrives at the following correspondenck; 2
—Kkapa— 6Nz, 3kaps—6kzps, Which yields Gyu(r)
SubstitutingC,, C,, and the above expression M{r) into —Gy(r),Na(r)—N3(r), x4pa(r)—2kzps(r). Remember-
Eq. (63), one gets ing that in 2+1 gravity there is no Newtonian limit, the
choice of k3 is free; thus by selecting; appropriately one
G(a)—G(r) can achievep,(r)—ps(r) andp,—ps.
3kpG(a)+ (2N —kp)G(r) " (66) From this comparison table one can easily conclude that
the 2+1 perfect fluid with constanp can be derived from
For the external Schwarzschild with solution, known the Schwarzschild interior metric by a simple dimensional
also the Kaottler solutiori30], the functionsN(r) and G(r) reduction; freezing one of the spatial coordinates, gay
are equal one to anotheM,(r)=G(r), namely, =const, in the 3-1 solution, one obtains the corresponding
2+1 spacetime.

om N Since we accomplished a scaling transformation ofrthe
N(r)=G(r)=+/1- ——=r? forr=a. (67) coordinate, accompanied with the inverse scaling of the an-
ro3 gular coordinated, one may argue that a conical singularity
could arise; one may overcome this trouble by saying that

the angular coordinate should be fixed once one brings the
2+1 metric to the canonical form with G;(r)

=\1—(kp+N\)r2.
kpa N,
N(r)=G(r)=+\/1——=———=r° forr=a, (68
3 r 3 VI. CONCLUDING REMARKS

In this contribution we have derived all perfect fluid so-
lutions for the static circularly symmetric spacetime. The
general solution is presented in the standard coordinate sys-

(69 tem{t,r,0}, and alternatively, in a system—the canonical
one—with coordinate$t,N, 8}. From the physical point of
view, particularly interesting are those fluids fulfilling the
linear equation of stat@= yp, as well as those subjected to
the polytropic lawp=Cp?; both families are derived in de-
tail from our general metric referred to as the coordinate
system{t,N, 8}. Therefore, the derived solutions describe,
Table | is comparison table of perfect fluid solutions with among others, stiff matter, pure radiation, incoherent radia-
constantp in 2+1 and 3+ 1 gravities. Comparing the struc- tion, nonrelativistic degenerate fermions, etc. The constant

p(r)=p(2\—kp)

Evaluating the mass contained in the sphere of radius
for a constant density, one obtains = kpa®/3; therefore,

consequently at=a, one has

N(a)=G(a)=\/1- Kp:‘az.

In the limit of vanishing cosmological constant=0, one
arrives at the interior Schwarzschild solution.

B. Comparison of perfect fluid solutions
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energy density perfect fluid solution with the cosmological N2/ dG2
constant of the 2 1 gravity is singled out among all static Gy=— —2<r d—+GZ— 1) =N?(kp+\),
circular spacetimes as the only conformally flat space—its r r

Cotton tensor vanishes—sharing the conformal flatness prop-
erty with its 3+ 1 counterpart, i.e., the Schwarzschild inte-

rior perfect fluid solution withA; a comparison table for G — 1 5 sz—N—N+NGZ
these solutions with constant energy density is included. To " G2Nr2 r dr
our mind, these analytical results can be used in the analysis
of physically plausible perfect fluid solutions of thetd 1
gravity even in the case of numerically derived solutions. = E(KD—)\),
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APPENDIX: 3+1 EINSTEIN EQUATIONS WITH A + 2dr dr =ro(kp—A),
FOR PERFECT FLUID
The Einstein equations with the cosmological constant for
perfect fluids for the metri¢59) explicitly amount to G¢,¢=sin26PGg[,. (A1)
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